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Abstract. This work contributes to clarifying several relationships between 
certain higher categorical structures and the homotopy type of their classifying 
spaces. Bicategories (in particular monoidal categories) have well understood 
simple geometric realizations, and we here deal with homotopy types repre- 
sented by lax diagrams of bicategories, that is, lax functors to the tricatcgory 
of bicategories. In this paper, it is proven that, when a certain bicategori- 
cal Grothendieck construction is performed on a lax diagram of bicategories, 
then the classifying space of the resulting bicategory can be thought of as 
the homotopy colimit of the classifying spaces of the bicategories that arise 
from the initial input data given by the lax diagram. This result is applied 
to produce bicategories whose classifying space has a double loop space with 
the same homotopy type, up to group completion, as the underlying category 
of any given (non-necessarily strict) braided monoidal category. Specifically, 
it is proven that these double delooping spaces, for categories enriched with 
a braided monoidal structure, can be explicitly realized by means of certain 
genuine simplicial sets characteristically associated to any braided monoidal 
categories, which we refer to as their (Street's) geometric nerves. 



Mathematical Subject Classification: 18D05, 18D10, 55P15, 55P48. 

1. Introduction and Summary 

Higher-dimensional categories provide a suitable setting for the treatment of an 
extensive list of subjects with recognized mathematical interest. The construc- 
tion of nerves and classifying spaces of higher categorical structures reveals ways 
to transport categorical coherence to homotopical coherence and it has shown its 
relevance as a tool in algebraic topology, algebraic geometry, algebraic X-theory, 
string field theory, conformal field theory, and in the study of geometric structures 
on low-dimensional manifolds. In particular, braided monoidal categories |24| have 
been playing a key role in recent developments in quantum theory and its related 
topics, mainly thanks to the following result, which was the starting point for this 
paper: 

"The group completion of the classifying space of a braided monoidal 

category is a double loop space" 
as was noticed by J. D. Stasheff in [34] . but originally proven by Z. Fiedorowicz 
in |T3l Theorem 2] (some other proofs can be found in [H Theorem 1.2] or in [3j 
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Theorem 2.2], for example). More precisely, given any braided monoidal category 

(M,<8>, c) = (M,®, I, a, I, r, c), 

Stasheff-Fiedorowicz's theorem implies the existence of a path-connected, simply 
connected space, uniquely defined up to homotopy equivalence, B(M, £S>,c), and a 
homotopy- natural map BAi — > Q 2 B(M, (g>, c), where BAi is the classifying space 
of the underlying category Ai, which is, up to group completion, a homotopy 
equivalence. Hereafter, we shall refer to B(M, ®, c) both as the classifying space of 
the braided monoidal category and as the double delooping of B Ai , induced by the 
braided monoidal structure given on Ai. 

However, there is a problem with the space B(M, (g>,c) since its existence is 
proven as an application of May's theory of i?2-operads and, therefore, its var- 
ious known constructions are based on some complicated and irritating processes 
of rectifying homotopy coherent diagrams. In fact, the double delooping construc- 
tion is provided by May's bar-construction that only takes place after replacing 
(Ai, ®, c) by an equivalent strict braided monoidal category (Ai' , ®', c'), and then 
by carrying out a substitution of BAi 1 by a homotopy equivalent space upon which 
the little square operad of Boardman-Vogt acts [5], which depends on an explicit 
equivalence of operads between the braided operad used and the little 2-cube one. 
The resulting CW-complex thus obtained has many cells with little apparent in- 
tuitive connection with the data of the original monoidal category, and this leads 
one to search for any simplicial set, say "nerve of the braided monoidal category", 
realizing the space B(M, (g>, c) and whose cells give a logical geometric meaning to 
the data of the braided monoidal category. 

A natural response for that nerve was postulated in the nineties by J. Dolan and 
R. Street (probably among others) and it is as follows: since a braided monoidal 
category can be regarded as a one-object, one-arrow tricategory [TTl Corollary 8.7] 
and each category as a tricategory whose 2-cells and 3-cells are all identities, one can 
consider strictly unitary lax functors from the categories [p] = {0 < 1 < • • ■ < p] to 
the tricategory Vl !m that the braided monoidal category (Ai, ®, c) defines. Then, 
its geometric nerve is the simplicial set 

Z 3 (M,®,c) : [p] i-> NorLaxFunc([p],fT;M), 

whose p-simplices are all strictly unitary lax functors [p] — > il Ai (also called 3- 
cocycles with coefficients in the braided monoidal category, [11]). This geometric 
nerve of the braided monoidal category is a 4-coskeletal simplicial set whose sim- 
plices have a pleasing interpretation: there is only one 0-simplex, there is only one 
1-simplex, the 2-simplexes x are the objects of Ai, the 3-simplexes £ with 2-faces (in 
order) x$, x\,xi,xz are morphisms ( : x$®X2 — > x^^xi, and so on. The most strik- 
ing instance is for (Ai, <g>, c) = (A, +, 0), the strict braided monoidal category with 
only one object defined by an abelian group A, where both composition and tensor 
product are given by the addition + in A; in this case, Z 3 (A, +,0) = K (A, 3), 
the minimal Eilenberg-Mac Lane complex. Geometric nerves of braided categor- 
ical groups [M[ §3] were studied in [S], where it was proven that the mapping 
(Ai, <g>, c) n- \Z 3 (Ai, ®,c)\ induces an equivalence between the homotopy category 
of braided categorical groups and the homotopy category of pointed 1-connected 
3-types (a fact due to A. Joyal and M. Tierney [25], see also [4j Theorem 3.3]). 

A main goal of this article is to prove the following result for which, as far as we 
know, no proof has yet appeared in the literature: 
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"For any braided monoidal category (Ai, £3>, c), there is a homotopy 
equivalence B(M,<E),c) ~ \Z 3 (M, ®, c)|. " 

Our proof for this theorem requires a long preliminary discussion on the notion 
of realization or classifying space for lax diagrams of bicategories 7 op — > Bicat, 
where / is any small category. This requirement is due to the fact that, in a first 
approach, we show that the space B(yV(, <8>, c) can be realized by means of the 
pseudo-simplicial bicategory 

N(M, ®, c) : A° P -> Bicat, [p] ^ Q~A1 P , 

defined (thanks to the braiding) by the familiar bar construction; here Xi denotes 
the one-object bicategory delooping of the underlying monoidal category (Ai,®), 
that is, that obtained forgetting the braiding. Then, the proof we give of the 
claimed above result reduces to show the existence of a homotopy equivalence be- 
tween the realization of the simplicial set geometric nerve Z 3 (Ai, €3, c) (viewed as 
a simplicial discrete bicategory) and the realization of the pseudo-simplicial bicat- 
egory N(M, <S>, c). 

Hence, much of our work here is dedicated to establishing and proving the most 
basic results needed concerning the homotopy theory of lax diagrams of bicate- 
gories, paralleling corresponding facts for lax diagrams of categories as stated and 
proven by G. Segal [33] and R. W. Thomason [37], following the methods of A. 
Grothendieck. The resulting theory is in itself of independent interest and yields, 
as an added benefit, the foundation for other future developments, for example in 
the homotopy theory of monoidal bicategories or arbitrary tricategories. Although 
this subject will not be treated here, let us say that the classifying space of any 
monoidal bicategory (£>, ®) is precisely the realization, in the sense studied here, of 
the pseudo-simplicial bicategory N(S, <g>) : A° P — > Bicat, [p] n- B p , which it defines 
by the reduced bar construction. 

After this introductory Section 1, the paper is organized in six sections. Section 
2 is an attempt to make the paper as self-contained as possible; hence, at the same 
time as we fix notations and terminology, we review in it some necessary aspects 
from the background of bicategories by briefly describing Bicat, the tricategory of 
bicategories, homomorphisms, pseudo natural transformations, and modifications. 
This material is quite standard, so the expert reader may skip most of it, but 
note that some notations may be idiosyncratic. Also, we describe the kind of lax 
diagrams of bicategories we are going to treat in this paper: lax morphisms of 
tricategories in the sense of [17] . T : I op — > Bicat, where I is any small category, 
all of whose coherence 3-cells are invertible. For any given category I, the lax 
diagrams of bicategories are the objects of a tricategory, denoted Bicat . The 
following two sections, 3 and 4, are very technical, but crucial to our discussions. 
Section 3 is mainly dedicated to study a bicategorical Grothendieck construction 
[l9l [37] . More precisely, the aim there is to prove the following: 

" There is a Grothendieck construction on lax diagrams of bicate- 
gories defining a trihomomorphism of tricategories 

Jj : Bicat 7 P — > Bicat 

which, moreover, is left triadjoint to the diagonal trihomomorphism 
Bicat Bicat 1 . " 
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Hence, the function on objects of the Grothendieck construction assembles any 
lax diagram T : I° p — > Bicat into a large bicategory Jj F , which is a lax colimit 
of the bicategories Ti, i £ ObJ, and, as we shall detail later, it can be thought as its 
homotopy colimit. Section 4 is dedicated to proving, following Giraud and Street's 
methods PS [35], that 

"There exists a rectifying trihomomorphism ( ) : Bicat 7 —5- Bicat 7 " 

through which any lax diagram of bicategories J- : I op — > Bicat has naturally 
associated a genuine /-diagram of bicategories, that is, a functor T : I° p —> Bicat 
that, as we will show later, represents the same homotopy type as the original J- . 

Heavily dependent on the results in [5], where nerves and classifying spaces of 
bicategories are studied, in Section 5 we introduce and study realizations for lax 
diagrams of bicategories. The classifying space of the lax diagram of bicategories 
jr . jop _^ Bic^ denoted BJ 7 , is defined to be Bj^J 7 , the classifying space of the 
bicategory obtained by the Grothendieck construction on J 7 , and the more basic and 
relevant properties of this construction J- i— > BJ 7 are stated and proven throughout 
the section. Namely, we prove the following two results: 

"If F : T Q is a lax I -homomorphism between lax I-diagrams 
J- . Q : I op — > Bicat, such that the induced maps BF 1 ; : BJ 7 ; — > BQi 
are homotopy equivalences, for all objects i of I , then the induced 
map BF : BJ 7 —5- HQ is a homotopy equivalence. " 



"Let J- : / P — > Bicat be a lax diagram of bicategories such that the 
induced map Ba* : BJ-^ — > BJT,-, for each morphism a : j — » i in I, 
is a homotopy equivalence. Then, for every object i of I, there is a 
homotopy fibre sequence BJ 7 ; <—} BJ 7 — > BI. " 

In Section 6, the facts demonstrated on realizations for lax diagrams of bicate- 
gories are mainly applied to state and prove several facts concerning the classify- 
ing space construction (M,®,c) H- B(jVt, <g>, c), for braided monoidal categories. 
Specifically, we give here a new proof of the above-mentioned Stasheff-Fiedorowicz 
theorem that, as an added value, includes the following more explicit fact: 

"For any braided monoidal category, the double loop space of the 
realization of its geometric nerve is a group completion of the clas- 
sifying space of the underlying category. " 

And finally, Section 7 simply collects the expression of various coherence condi- 
tions concerning definitions in Section 2 and used throughout the paper. 

Some Frequently Used Notations. 

To help the reader we list below the following notations used along the paper, 
with indication of their meaning and first appearance. 



REALIZATIONS OF BRAIDED MONOIDAL CATEGORIES 



5 



Bicat tricategory of bicategories ([3]) 

Horn category of bicategories and homomorphisms (|4|) 

Bicai/ tricategory of lax /-diagrams of bicategories ([111) 

J j T Grothendieck construction on a lax /-diagram of bicategories (|13|) 

J- rectification construction on a lax /-diagram of bicategories (|30p 

NC pseudo-simplicial nerve of a bicategory (1361) 

BC classifying space of a bicategory (1351) 

AC unitary geometric nerve of a bicategory (|40l) 

AC geometric nerve of a bicategory (|41l) 

BJ-" classifying space of a lax /-diagram of bicategories 15.41 

delooping bicategory of a monoidal category (|48[) 

N(.M, £3>) pseudo-simplicial nerve of a monoidal category (|49p 

B(.M, <8>) classifying space of a monoidal category (|50p 

fi yW double delooping tricategory of a braided monoidal category (|52p 

N(A / (, <8>, c) pseudo-simplicial nerve of a braided monoidal category (|53p 

B(A4, €5, c) classifying space of a braided monoidal category (|54p 

Z 2 (A4, <g>) geometric nerve of a monoidal category (|56p 

Z (A"l, (8>) categorical geometric nerve of a monoidal category (|57p 

Z 3 (yV(, (S>, c) geometric nerve of a braided monoidal category (1611) 

^bLat("^ / ' ' ®> c ) bicategorical geometric nerve of a braided monoidal category (1621) 



2. Bicategorical preliminaries: Lax diagrams of bicategories. 

We shall begin by reviewing some necessary facts concerning the tricategory of 
bicategories. Also, we will describe the kind of lax diagrams of bicategories we are 
going to treat in this paper. 

2.1. The tricategory of bicategories. We refer to [H[T71[2U] and [33] for back- 
ground on bicategories and tricategories. For definiteness or emphasis, we state the 
following: 

In any small bicategory A, its set of objects (or 0-cells) is denoted by 0b„4 
and, for each ordered pair of objects (y,x), A(y,x) is the category whose objects 
u : y — i> x are the 1-cells (or morphisms) of A with source y and target x, and 
whose arrows a : u u' are the 2-cells (or deformations) of A. The composition of 
deformations in each category _4(y,x), that is, the vertical composition of 2-cells, 
is denoted by /3 ■ a. while the symbol o is used to denote the horizontal composition 
functors o : A{y, x) x A(z,y) — > A(z,x). The identity of an object is written as 
l x : x — > x, and we shall use the letters a, r, and I to denote the associativity, right 
unit, and left unit constraints of the bicategory, respectively. 

A lax functor is usually written as a pair F = (F, F) : A — > B since we will 
generically denote its structure constraints by F u>v : Fu o Fv F(u o v) and 
F x : lp x => Fl x , or merely by F : Fu oft 4 F(u o v) and F : lp x =>■ Fl x 
since the source and target of this constraint make it clear what kind of constraint 
deformation it is. The lax functor is termed a pseudo-functor or homomorphism 
whenever all the structure constraints F are invertible. If the unit constraints F x 
are all identities, then the lax functor is qualified as (strictly) unitary or normal and 
if, moreover, the constraints F u>v are also identities, then F is called a 2-functor. 



6 



P. CARRASCO, A.M. CEGARRA, AND A. R. GARZON 



We will use pasting diagrams of 2-cells inside bicategories. A diagram of the 
form 



(1) u %i 



■ x 



n u Tl 



x tytp y 

VQ yi _^ j_ y m V m 

will represent a deformation tp whose source (resp. target) is obtained by horizontal 
composition of the morphisms in the string uq,. . . ,u n (resp. vq, . . . ,v m ) following 
a particular given association. By the bicategorical coherence theorem, such a 
deformation uniquely determines another when any other particular bracketing is 
used for computing the source and the target morphism from the given strings of 
morphisms. Therefore, diagram ([1} is not ambiguous once a choice of association 
has been made for the source and target of the deformation. When F : A — > B is 
a homomorphism and diagram ([1]) is given in A, then we will denote by 

(2) Fu Fxi^ *- Fx n Fu n 

Fx $ Ftp Fy 

Fv F yi ^. Fy m Fv m 

the diagram in B in which the deformation is obtained by appropriately composing 
the original Ftp with constraints F of F. That diagram @ is well defined from 
diagram (TTJ) is a consequence of the coherence theorem for homomorphisms of bi- 
categories [T7l Theorem 1.6]. A diagram such as (|5J), with the symbol = inside 
instead of -JJ- Ftp, means that the deformation is obtained only by composition of 
the structure constraints of the homomorphism F and the bicategories involved. 

If F, F' : A — > B are lax functors, then we follow the convention of [T7] in what is 
meant by a lax transformation a — (a, a) : F =>■ F' . Thus, a consists of morphisms 
ax : Fx —¥ F'x, x G Ob.4, and of deformations a u : ay o Fu =4" F'u o ax that are 
natural on morphisms u : x — > y, subject to the usual two axioms. When the defor- 
mations a u are all invertible, we say that a is a pseudo transformation. In accor- 
dance with the orientation of the naturality deformations chosen, if a, a' : F => F' 
are two lax transformations, then a modification tp : a ^ a' will consist of de- 
formations ipx : ax => a'x, x 6 Ob.4, subject to the commutativity condition 
(If'u ° <px) ■ a u = a' u ■ (ipy o lp u ), for each morphism u : x — y y of A. 

Next, we shall briefly describe the most striking example of tricategory: the 
tricategory of bicategories, homomorphisms, pseudo-natural transformations and 
modifications, denoted by 

(3) Bicat. 

We refer the reader to [17l §5] and [20j §6.3] for more details. 

For bicategories A, B, Bicat (.4,$) denotes the bicategory whose objects are 
the homomorphisms F : A — > B, 1-cells the pseudo-transformations a : F =>■ F' , 
and 2-cells the modifications ip : a ^ a'. Let us briefly recall that a modification 
tp : a ^ a' composes vertically with a modification tp' : a' ^ a" yielding the modi- 
fication tp 1 -tp : a ^ a" , such that (tp'-tp)x = tp'x-tpx, x G OKA. The horizontal com- 
position of 1-cells in Bicat (A, B) is given by the "vertical composition" of pseudo- 
transformations: for a : F =$> F' and a' : F' ^> F" , where F,F',F" :A^B, the 
composite a' o a : F =>• F" is defined by putting (a' o a)x — a'x o ax for any object 
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x of A, the component of a' o a at a morphism u : x —¥ y being the deformation 
obtained by pasting the diagram 



Fx 
Fu 
Fy 



ax 



ay 



F'x 

F'u 
T 



era 



ay 



F"u 
F"y. 



The horizontal composition of a modification ip 



f3 : F ^> F' with a modi- 



fication ift' : a' /3' : F' =$>■ F" is the modification ip' o -0 : a' o a ^ /3' o /3 such 
that ('0' o ■0)a; = i/Zx o ^ix, for each object x of .4. The structure constraints in 
Bicat(„4, B) are canonically derived, in a pointwise way, from those of B; thus, for 
example, the associativity modifications a : a" o [a' o a) ^ (a" o a') o a are given 
by OiX — Q , ct /, x,ct'%,axi % ^ Ob^A. 

The composition of lax functors F : A —> B and G : B — >• C will be denoted by 
juxtaposition, that is, Gi 7, : A — > C. And recall that its constraints are obtained 
from those of F and G by the rules GF U , V = GF u ,v • Gfu,Fv and GF X = GF X ■ Gfx- 
This composition of lax functors is associative and unitary, so that the category of 
bicategories and lax functors is defined. Following jTTJ Notation 4.9], the category 
of bicategories with homomorphisms between them will be denoted 

(4) Horn. 

The composition of homomorphisms gives the function on objects of a homo- 
morphism of bicategories 

(5) Bicat(23, C) x Bicat(„4, B) -> Bicat(„4, C), 

F G 

which on A "Tfar B ^ ' ^ s gi ven by /3a = @F' o Ga, where the pseudo- 

F' G' 

transformations Ga : GF GF' and (3F' : GF' =>■ G'F' are those whose re- 
spective components at an object x of A are the morphisms Gax and /3F'x, and 
at a morphism u are Ga u = Ga u and /3F' U = Pf'u- Similarly, the composition 
ipip : /3a ^ fi'a! ', of modifications (p : a ^ a' and tp : j3 ^ fi' , is given by the 
formula iptp = ipF' o Gip, that is, the modification whose component at an object 

F G 

x e A is (iptp)x — i\)F'x o Gipx. Moreover, given homomorphisms A — > B — y C and 



pseudo transformations F F' F" : A —y 
the structure constraints of the homomorphism 
invertiblc modifications 



B and G 4> G' ^ G" : B -> C, 
([5|) at them are provided by the 



(6) 1 GF ^1 G 1 F , /3Wo/3aE> (/3'o /?)(«' o a), 

whose respective components at an object x € Ob.4 are given by pasting the dia- 



grams 



GFx 




BF'x 
GF'x >■ G'F'x 



GFx 



LGFx 



GFx, GF. 




G(a'x o ax) 



f3F"x 



(3'F"x 



G'F"x, 



s 
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where, for any horizontally composable pseudo transformations a and (3 as above, 
the invertible modification 

(7) PF' oG«e) G'a o PF , 

at an object x of A, is j3 ax , the component of /3 at the morphism ax. 

The composition of homomorphisms is associative and unitary as we have re- 
marked before. Besides, the unit constraints for the compositions ([S]) are the 
pseudo-natural equivalences I and r, whose components at any homomorphism 
F : A — > B are both the identity transformations on it, and at a pseudo transfor- 
mation a : F => F' are the modifications 

(8) /:lfol le a^aol f , f : oali A ^ ao l Pj 

canonically obtained from the modifications li B o; a and ali A ^ a, respectively 
defined by the 2-cells of B, x £ ObA, 

1 p'x ° CI!X ^ OLX, ax ° i-x ==> ax olfi =5> aX. 

F G H 

Also, for any homomorphisms A — > B — > C — >• 2?, the associativity pseudo-natural 
equivalence a : H(GF) (HG)F is the identity on the composite homomorphism 
HGF, and its component at a morphism (7,/J, a) : (H,G,F) => (H' ,G' , F') is the 
modification 

(9) a:l„ w o T (/3«)^( 7 ^)aol HGF , 

canonically obtained from the invertible modification j(/3a) ^ { r fP)ot associating 
to each object x of .4 the 2-cell of 2? given by the composition 

jG'F'xoH(PF'xoGax) -fGF'xo(H/3F'xoHGax) ^> (jG'F'xoH/3F'x)oHGax . 

In Bicat, the structure invertible modifications 7r and /j,, as in the definition of 
a tricategory [T7], at any homomorphisms A^B^C^-V^-E, 

(10) 

K(H(GF)) a > (KH)(GF) G{l B F) a > (G1 B )F 



l K a 



K,H,G.F 





K((HG)F) — ^» (K(HG))F =^ {{KH)G)F GF 
are respectively given by the unique coherence 2-cells, a; G Ob„4, 

KHGFx — ^ KHGFx KHGFx GFx i GFz -*- GFx 



1 „„„„ 1 



GL 



KHGFx KHGFx > KHGFx^j^ KHGFx, GFx ->■ GFx. 

The structure modifications A and p can be defined in a similar fashion. 
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2.2. The tricategory of lax diagrams of bicategories. Throughout the paper, 
a lax diagram of bicategories, with the shape of a small category /, means a lax 
functor of tricategories [T71 Definition 3.1] 

T = (J 7 , x, i, w, 7, 5) : I op ->• Bicat, 

from 7 op , regarded as a tricategory in which the 2-cells and 3-cells are all identities, 
to the tricategory Bicat of small bicategories, all of whose coherence 3-cells are 
invertible and such that each homomorphism I(j,i) — > Bicat (J 7 ;, J-j) is normal (cf. 
[14) , where they are called lax homomorphisms) . The homomorphism Ta attached 
at an arrow a : j — > i of I is usually written as 

so that the remaining data of the lax diagram T provide us with pseudo transfor- 
mations 

b* a* !^ 





b . 



respectively associated to pairs of composible arrows k —> j — V i and objects i of /, 
and invertible modifications 



c*b*a* 
Xa* 
{bc)*a* 



c X 



c*{abY 



a*11 



X. 



b,c 




X 


La* 











(abc)* , 



l*a* 




respectively associated to triplets of composible arrows £ — > k — > j — > i and arrows 
j A- i of the category /, subject to the two coherence axioms (CC1) and (CC2), 
as stated in Section 7. 

The lax diagram is termed normal or unitary whenever the following conditions 
hold: i) for each object i of /, 1* = ljr t and i; = li^. ; ii) for each arrow a : j — >• i 
of /, Xa,U = la* = Xu,a an d the modifications 7 a and S a are the unique coherence 
isomorphisms. 

Note that a lax functor T : I op — > Bicat consists of the same data as above, 
for a lax diagram, but with the difference that the modifications ui, 7, and 6 are 
no longer required to be invertible. However, we need lax diagrams of bicategories 
as above in order for the Grothendieck construction on them, as shown in the next 
Section 3, to give rise to bicategories. 

A diagram of bicategories is a functor T : I op — > Horn C Bicat to the category 
Horn of bicategories and homomorphisms, that is, a lax diagram where each of the 
pseudo transformations x and 1 are identities and the modifications u>, 7, and d are 
given by the unique coherence isomorphisms. 

A pseudo- diagram of bicategories is a trihomomorphism, or pseudo functor, 
T : I op — > Bicat, that is, a lax diagram whose data x an d t are pseudo natu- 
ral equivalences. 

A lax diagram of categories, that is, a lax functor J- : I op — > Cat to the 2- 
category Cat of small categories, is the same thing as a lax diagram of bicategories 
in which every bicategory Ji, j e Obi, is a category (i.e., a bicategory where all 
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the 2-cells are identities) since this condition forces all the modifications oj, 5, and 
7 to be identities. 

For any given category /, the lax diagrams of bicategories T : I° p — > Bicat are 
the objects of a tricategory, denoted as 

(11) Bicat rP , 

whose 1-cells, called here lax I -homomorphisms, are lax transformations all of whose 
coherence 3-cells are invertible, whose 2-cells, called pseudo I -transformations, are 
trimodifications, and whose 3-cells, called I -modifications, are perturbations, in the 
sense of [TTJ 3.3]. Then, the data for a lax 7-homomorphism 

f = (f, e, n, r) : t -> t' 

are comprised of: for i an object of /, a homomorphism Fj, : Ti — > T[, for a : j — > i 
a morphism of /, a pseudo transformation 

jr. Fi a p. 
a*\ ^ \a* 

T. ^ fl. 

for k — » j -% i two composable arrows and j any object of /, the respective invertible 
modifications 



F k b*a* =M F k (ab)* 

n = n a,f> {ab)*F l 

^ ^F 
b*F,a* b*a*F, * bi 




F, 



r = r 




L'Fi 



i * p. 



and these are subject to the two coherence axioms (CC3) and (CC4), as stated 
in Section 7. 

When the pseudo-transformations 9 : Fjd* => a*Fi are pseudo-natural equiv- 
alences, for all arrows a : j — > i, then F : T — > T' is termed a pseudo I- 
homomorphism. 

Given lax /-homomorphisms F, F 1 : T — > T' , a pseudo I -transformation between 
them, 

m = (m, M) :F^F' 
is merely a trimodification, so it consists of pseudo transformations 

Ft 
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i G Ob/, and invcrtible modifications 



Fja* Jn ^> Fy 



M = M a 



0' 



a*F ^=>a*F' 
a*m 



one for each arrow a : j — > i of /, subject to the two coherence conditions (CC5) and 
(CC6), as stated in Section 7. And, finally, say that if to, m' : F =>• F' : F — > F' 
are pseudo /-transformations, then an I -modification a : to ^ m! is a family of 
modifications 



771,; 



m' : F, 



F[ : T{ — > J 7 - , 



one for each object i of /, subject to the coherence condition (CC7). 



For lax /-diagrams of bicategories F and G, compositions in Bicat 7 P (F, Q) are 



as follows: 2-cells a 



and a' 



to", where m,m',m" : F 



F', 



F, F' : T — > 5, are vertically composed yielding the /-modification a' - a m" 
such that, for any object i of /, (a' ■ <t), = a\ ■ Ui : mj ^ to". The horizontal 

composition to' o to : F =>■ F" of 1-cells F ^ F' 5> F" : F — > 5, is given by writing 
(to' o to), — m! i om,i for each i G Ob/, while its component at an arrow a : j — >• i is 
the modification obtained by pasting the diagram 



F,a* ^> Fja* Fj'a* 





M' 











a*F =^> a*F' 



a*F" • 



Two /-modifications a : to ^ n : F =>■ F' and a' : m' ^ n' : F' ^> F" compose 
horizontally giving the /-modification a' o a : m' o m ^ n' o n such that, for any 
object 7 of /, (cr' o o~)i = a[ o er^ : mj o ^ n| o n,. All the structure constraints 
in the bicategory Bicat 7 P (F, 5) are provided by using the corresponding structure 
constraints of the tricategory Bicat in a pointwise fashion. Thus, for example, 

For pseudo /-transformations F => F' => F" ^ F'" : F — ► G, the /-modification 
a : m" o (m' o to) ^> (to" o m') o to is that defined by the family of associativity 
modifications a : to" o (to- o mj) ^> (to" o to-) o mj of Bicat(Fi, Gi), i G Ob/. 
For lax /-diagrams of bicategories F, G, and 'H, the composition homomorphism 

(12) Bicat 7 ° P (e, H) x Bicat 7 ° P (F, G) -> Bicat 7 ° P (F, W) 

F G 

carries lax /-homomorphisms F — >■ — > H to the lax /-homomorphism GF : F — > T~i, 
whose component at an object i of / is the composite homomorphism GjFj : Fi — >• 
its component at an arrow a : j — > i is the composed pseudo transformation 

GjFja* 4>G ja *Fi ^a* GiFi , its component at a pair of composable arrows k — > j 
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and j — > i is the modification obtained, from those of F and G, by pasting the di- 
agram 



G k F k b*a" 



G k 6a* 



G k F kX 



G k m 



G k F k {ab) 



G k b*Fa* 



6F,a* 




G k b*t 



G k b*a*F, 



(7) 



9a* Ft 



> b*GjF ja * 



b*d 



GkXFi 



UFS 



G k (ab)*Fi 



>b*G J a*F l 
lb*9F 
b*a*G t F, 
IxGiFi 
=> (ab)*G l F i 



and, finally, its component T at an object j of / is the modification obtained from 
those of F and G, by pasting the diagram 



GjFjt 



G.e 

G j F j i* j =L^>G j i* j F j 




If m : F F' : F — > Q and n : G =>■ G' : Q H are pseudo /-transformations, 
then their composition is nm : GF =>■ G'F' : F — > H, whose component at an 
object i is riirrii : GiFi => G^F^ : Ti — > Hi, and whose component at an arrow 
a : j — > i is the modification obtained by pasting the diagram 



G,m,a* n j F i a * 
GjFja* 3 3 dF^a* 3 > G',F',a* 



GjO 



GjM 



G i 



3 3 



Gja*mi 

g.'i-f, > <;,,>■ f; 



a*G l F l 



a*GiWn 



OF- 



(7) 
NF' 



a* ni F( 



ere 



> G' 3 a*Fl 



9'Fl 
a*G[F> 



And the composition of /-modifications a : m ^ m' : F F' : F ^ G and 
r : n ^ n' : G G' : Q — > 7/ is err : nm ^ n'm' , with (<rr)i = (TjT, : n^m-i ^ fijWij 

i* 1 G 

for every i £ ObF Moreover, given lax /-homomorphisms T —> Q — > T-L and pseudo 

/-transformations F ^ F' "4 F" : F ^ G and G ^ G' 4 G" : G ^ n, the 
structure constraint of the composition homomorphism (|12[) . 1^ ^ IgIf and 
n'm' o nm ^ (n' o n){m! o m), are provided by the family of modifications ([6]) 
lGiFi ^ IgjIf; and n' i m! i o n,m, ^ (n^ o rii)(m^ o m.;), i G Ob/, respectively. 
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The associativity and unit pseudo natural equivalences 



BicatHX T> Bicat /op (£, H)x Bicat /op (J", Q) 
\ 

Bicat /op (H, T) x Bicat rP (J", H) 

lgXl 

< ±iic 

I 



Bicat /op (0,S)xBicat /op (j;g) 



Bicat /OP (a, T)x Bicat 70 ^, Q) 

t 

*- Bicat / ° P (J r , T) 



Bicat /op (-7 r ^) 1 -^Bicat / ° P (-7 : ;^)xBicat /op (J : ;j r ) 



Bicat /op (J",^) 

F G H Qi 

are as follows: For any lax /-homomorphisms T Q ^ U ^ K., H(GF) ^ (HG)F 
is the pseudo /-equivalence whose component at any object i of I is the identity 
on the homomorphism HiGiFi, and whose component at an arrow a : j — ^ z is the 
modification obtained by pasting 



HjGjFja* 



1 



HjGjO 

HjGjFja* > HjGjG*Fi 



HjieFioGje) 



Hja*GiFi 




OGaF, 



a*l 



Besides, for any pseudo /-transformations (m,n,t) : (H,G,F) (H' , G" , F'), the 
corresponding /-modification a : a H , G , , o m(nt) ^ (mn)t o a H G F , is given by 
the family of modifications a : 1 o rrii(niti) ^ (m^ni)^ o 1, i g Ob/. For any 
/-homomorphism F : T — > 5, Z : lg-F 1 =^ -F 1 and r : Fljr F, are the pseudo 
/-equivalences whose components at any object i € Ob/ are both the identity on 
the homomorphism Fi and, at an arrow a : j — > i, are the canonical isomorphism 
a*lp i o 8 a = 9 a o l Fja ,. Besides, for m : F F' any pseudo /-transformation, the 

corresponding /-modifications I : Z.pv o l lg m ^> mol F and r : rpomli^ ^ mor F 
are respectively given by the family of modifications (|5J|, Z : 1 ^/ o l lg m, ^> m, o l Fi 
and r : 1 F > o mjlij,. ^rrijol F .. 

In Bicat , the structure invcrtiblc /-modifications ir and /i, as in the definition 
of a tricategory, for any lax /-homomorphisms jAiJ-^H^KAT, 



(dK,H,G^F ° 0,k,HG,f) ° ^KdH,G,F 

r G l F o a G ,i g ,F 
are given by the family of modifications (1101) n 



0-kh,g,f ° clk,h,gf, 
IgIf, 



and [i c 



i e Obi. 



Finally, note that considering lax /-diagrams of categories, that is, lax functors 
jr . jop _^ 2-category Cat of small categories, then 

Cat 7 ° P C Bicat rP 

is a full subtricategory of Bicat 7 P . But note that Cat 7 P is actually a 2-category, 
since all its 3-cells are identities. 
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3. The bicategorical Grothendieck construction 

3.1. The Grothendieck construction on lax diagrams of bicategories. Let 

/ be a small category. The well-known Grothendieck construction on a lax diagram 
of categories I op — > Cat [19j [T6l [23j [37] admits an extension to a lax diagram of 
bicategories 

T = (J 7 , x, t, w, 7, 5) : I op -)■ Bicat, 
assembling it into a large bicategory 

(13) SjT 

which is a lax colimit of the bicategories Ji, i e Ob/ and, as we shall detail later, 
it can be thought as its homotopy colimit. This bicategory is defined as follows (cf. 
EDi): 

The objects of JjJ~ are pairs (x, i), where i is an object of I and x one of the 
bicategory T% , so that 

Ob/ / J'= U ObJ" 4 . 

ie Obi 

The hom-categories are 

Il^((yJ)>(x,i)) = U J 7 J (y,a*x), 



where the disjoint union is over all arrows a : j — Y i in I. Then, a morphism 
(u, a) : (y,j) — > (x,i) in Jj J- is a pair of morphisms where a : j — > i is in I and 
u : y — > a*x is in Tf, and given two morphisms (w,a), (u',a') : (y, j) — > {x,i), the 
existence of a 2-cell (u, a) (u',a') requires that a = a', and then, such a 2-cell 
(u,a) u 

{Vij) ^-( a 7 a ) consists of a 2-cell V ^i^a^a*x in J-}. 

(u\ a) u' 
The horizontal composition functor 

[J J r j (y,a*x) x |J T k {z,b*y) |J T k {z,c*i), 

jA-i kAj k^ri 

for each triplet of objects (z, k), (y,j), and (x, i) of JjJ 7 , maps the component at 
two morphisms a : j i and b : k — > j of / into the component at the composite 
ab : k —> i via the composition 

b* x 1 

Fj(y, a*x)xJ 7 k {z, b*y) ^ Fk{b*y, b*a*x)xT k (z, b*y) 



T k {z, b*a*x) — *- Fk{z, (ab)*x), 
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where x — X a b x '■ b*a*x — > (ab)*x, that is, 
(v,b) (u, a) 

{z,k{up^{yj)^^(x,i) ^ (*,*:) ^(l x °(&*a°/3),<*&) ( X ,i). 

(v',b) (u',a) 
The structure associativity isomorphism 



(x°(b*uov), ab) 



(xo(b*u'ov'), ab) 



(u, a) o ({v, b) o (w, c)) = ((u, a) o (w, 6)) o (w, c), 

for any three composable morphisms (t,£) ^—^) (z,k) ^^-) (y,j) ^— ^ {x,i) in 
JjC, is provided by pasting, in the bicategory Tt, the diagram 

{bc)*uo(x ° (c*v o w)) 

(bc)*y (6c)*«— =► (6c)*a*x 




(a&c)*;r . 



c*(x o (b*u ov)) ow 



ex x /X 
c*(ab)*x 



The identity morphism, for each object (x, i) in Jj J 7 , is provided by the pseudo- 
transformation l : Ijr. 1*, by 

The left and right identity constraints 

l(x,i) ° («, «) = (X° (a*^ o u), a) = (u, a), 
(it, a) o = (x o (l*u o iy), a) = (u, a), 

for each morphism (u, a) : (y,j) — > {x,i), are respectively given by pasting the 
diagrams 




l*u 





ax 



The coherence pentagon for associativity in Jj T holds thanks to the coherence 
condition (CC1) in Section 7, and the coherence triangles for unit constraints in 
Jj J- follows from (CC2). Hence Jj T is actually a bicategory. 
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3.2. The Grothendieck construction trihomomorphism. The assignment 

is the function on objects of a trihomomorphism of tricategories 

(14) Jj : Bicat 7 ° P -> Bicat, 

described below. 

The homomorphism of bicategories 

(15) fj : Bicat /op (F, Q) -+ Bicat(/ 7 F, j\ 9) , 

for any two lax /-diagrams F, Q : I op — > Bicat, carries a lax /-homomorphism 
F = (F, 0, II, r) : F ->■ Q to the homomorphism 

(is) IjF-.J^^j.g 

defined on objects by JjF(x, i) = (Fix, i) , and, for each pair of objects (y,j) and 
(a;, i) of Jj F, the functor 

JjF: U ^-(y.o'a:)— U 0^,(1* Fx) 
is defined on the components at each morphism j A i by the composition of functors 

F ■ 

Fj(y,a*x) -4- Gj(Fjy,Fja*x) -4 Q (F y,a* F^x), where 9 = 9 a x : Fja*x -> a*FiX. 

If (z,fc) — ^ (j/,i) (a;, i) are any two composible morphisms of JjF, then 
the invertible structure 2-cell 

f T F{u, a) o JjF(v, b) - JVF((u, a) o („, &)) 
is provided by pasting the diagram in Fu 



b*{6oF jU )o(6oF k v) 




F k (x o (b*u o v)) 

where II = II a b x. And, for each object (x, i) of J z F, the isomorphism 

^JjFixA) — //^(l(x,i)) 

is provided by the invertible deformation IV 

Since the commutativity coherence conditions follow from (CC3) and (CC4), 
JjF : J j T — > J 7 Q is actually a homomorphism of bicategories. This describes the 
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function on objects of (|T5|) . which acts as follows on the hom-categories: Any pseudo 
/-transformation, m : F => G : T — > Q, gives rise to a pseudo-transformation 

(17) ^m-.JjF^^G-.J^^J^, 

whose component at an object (x, i) of Jj J- is 

Jjm(x, i) = (tjGja; o m t x, U) : (Fix, i) -> (GiX, i) , 

and whose component at a morphism (u,a) : (y, j) — > (x,i) 

Si m (u,a) '■ fi m ( X ' *) ° Jl F ( U > °) - J/ G ( U ' «) ° Ii m (V: j) 

is given by pasting 



F 3 u 

Fjy =>- Fja*x ■ 



a*F;x 



m 



M 



a*(iGi o m) 




Gjy Gju^- Gja*x e ^ a*dx — a*tGi — >■ a*l*GiX 

I I \ S 2* 



l*G.,y -ljGj-u-s- l*Gja*x — l|a*Gi 



a*GiX . 



lpoG jU ) 



So defined, J^to is indeed a pseudo transformation thanks to the coherence condi- 
tions (CC5) and (CC6). 

If to, to' : F => G : J 7 — » Q are two pseudo /-transformations, it follows from 
the commutativity of the squares in (CC7) that every /-modification a : to ^> to' 
defines a modification 



by writing $jCr{x, i) = (l^x ° U) ■ {iGiX o imx, lj) => {bGiX o to-x, lj) . 

For /-modifications a : m ^ m! and a' : m' ^ to", where to, to', to" : Z 1 =>■ G, 
the equality //ct' o cr) = La' o J^ct is easily verified. Moreover, for the horizontal 

composition n o to : F => i/ of pseudo /-transformations F G H : J 7 —> G, 
the invertible structure modification 



(18) 



/ z n o JjTO ^ J^n o to) : ^> 
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is given by pasting 



i*(iHi o m) 



l'rn ~ I'uHi 

i*G tX -^-»- lfHiX 1; 1;//, 




xHi 

li m : F ^ G : F — > G is any pseudo /-transformation, then Jj l m = lj m and, for 
any lax /-homomorphism F : F Q, the invertible structure constraint 

(19) lj iF ^ JjIf 

is provided by the canonical isomorphisms r : iFi olj?. = tFi, i G Ob/. 
The pseudo-natural equivalence 

Bicat /op (g,H) x Bicat J ° P (.F,g) - X ^ Bicat(J x g JjH) x Bicat^ J", fjQ) 
| J 
Bicat rP ( F, H) Bicat( £ F, fjH), 

for any three lax /-diagrams F, Q and T~L, is that whose component at any pair of 
lax /-homomorphisms, F ' — > Q —tW, is the pseudo natural equivalence 

(20) S = E G , i ,:/ / G/ / F^/ / G/ 1 , 
which is the identity on objects, that is, 

T,{x,i) = l{ Gi Fix,i) = (iiGiFiX,li) : (GiFiX,i) — > (GiFiX,i), 
and its component at a morphism (u, a) : {y, j) — > (a;, i) is the 2-cell 

canonically obtained from the 2-cell J 7 G JjF(u, a) => JjGF(u, a) given by the com- 
position in 

a FiX o Gj(9 a x o -Fj-w) — 9 a FiX o (Gj9 a x o GjFju) = [9 a FiX o Gj9 a x) o GjFju. 

For (n,m) : (G,F) => (G',F'), the component of E at (n, to) is the invert- 
ible modification S^j?' o J,b JVm ^ fj-nrn o E^^ , canonically obtained from the 

modification J^n JVto ^ JjUm, which assigns to each object (x, i) of J 7 J 7 the 2-cell 
of J % provided by pasting in % 
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Gil*F!x- 



9F! 




TF' 



nGiFix 



UiG'tFlaniF!) 




G.cF' iGiFl l*G'F'x— lUG'F'^ l*l*G'F„ 



2 2 2 Z 



(7i 



t , 

lG'.F 



XG\F[ 



GsFL 



nF! 



G'F'x- 



VG'F'x. 



The pseudo-natural equivalence 



(21) 



for any lax /-diagram T : I op — > Bicat, is the identity on objects and its component 
at any 1-cell, (u, a) : (y, j) — > (x, i) of Jj F, is the 2-cell 



obtained by pasting 



l(x,i) ° a ) => ( u , a ) ° l (y,j) 



. (l a *x°u,a) 

{y,j) *- 



1 

(yJ) 



JJ.(7 U , a) 

(u,a) 

(u,a) 



1 

(x,i). 



The structure invcrtiblc modifications lj, 5 and 7, as in the definition of a triho- 
momorphism, for Jj, 
(22) 



LHGJ.F 
E1^7 



IiHjjG^F 



Jj(HG)F ie^ 





IE - v , a 



IiF 



F G H 

for any lax I-homomorphisms J- — > Q — y % — y T, are, respectively, the unique 



coherence 2-cells, (x, i) 6 Ob JjJ 7 , 



Il H Il G1 (F l x,i) 

{HiGiF^i) 



(HiGiF iX ,i) X {HiGiFiX,i) X {HiGiFiX,i) 




(LiHiGiFiXol HzGiFiX , U) 



(HiGiFiX, i) -i- (HidFiX, i) 4- (H^F.x, i), 
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and 



(FiX,i) 



(F iX ,i) 




(Fix, i) 



(U'Fix o kFiX, 1») 



(Fix, i) 



(FiX,i) 



(liFiX o l FiX , U) 




(Fix,i), 



(FiX,i) 




{biFiX o l F . x , l f ) 



(Fix,i). 



3.3. The bicategorical Grothendieck construction as a tricolimit. In jT5J 
§ 8], Gray proved that the functor J, : Cat 1 P — > Cat carries any lax /-diagram 
of categories to its lax colimit (or 2-colimit) in the 2-category of small categories. 
Next we shall prove the parallel fact for lax diagrams of bicategories. To do that, 
fix / any small category and let 



ct : Bicat — »■ Bicat 

denote the diagonal trihomomorphism mapping any bicategory B to the constant 
lax /-diagram ct(£>) : / op — > Bicat that B canonically defines. Then, we have the 
following theorem, whose proof this subsection is dedicated to. 



Theorem 3.1. The trihomomorphism Jj : Bicat — > Bicat is left triadjoint to 
the trihomomorphism ct : Bicat — > Bicat 



jop 



Proof. Remark first that a trihomomorphism L : T — > T', where T and T 7 are 
tricategories, is called a left triadjoint for a trihomomorphism R : T' — > 7", and 
R is called a right triadjoint for L, if there is a biequivalence |171 Definition 3.5] 
T'{L(— ), — ) => T{— ,/?(—)) in the tricategory of trihomomorphisms with domain 
T op x T' and codomain Bicat, Tricat(T op x T', Bicat), whose 1-cells are tritrans- 
formations, whose 2-cells are trimodifications, and whose 3-cells are perturbations 
[13 3.3]. 

Hence, we must prove that there is a tritransformation 



Bicat(/ / (- 



Bicat /op (-,ct(-)) 



Bicat and bicategory B, 



such that, for any lax diagram of bicategories T : I° p 
the associated homomorphism 

Bicat (Jj F, B) -> Bicat /op (J", ct(B)) 

is a biequivalence of bicategories. In more elementary terms, we shall prove the 
existence of tritransformations (the unit and counit) 

V ■ l B icat' op => Ct // , e : // Ct ==^ iBicat , 
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and equivalences (the triangulators) 
(23) 



fr V 




ct Jj ct 




ct e 



that is, trimodifications T and S as above, such that, for any T : I op — » Bicat, the 
pseudo transformation 

TT : e/jj 7 J,^ 1^ 
is a pseudo equivalence, and, for any bicategory 6, the corresponding 

SB : l ct(B) =► ct(e£) ??ct(B) 

is a pseudo /-equivalence. 

The proof is then divided into three parts. 
Part I . Here we exhibit the unit tritransformation r) : lBi ca t Jop ^ ct fi ■ 

At any lax /-diagram of bicategories T : I op — > Bicat, the lax /-homomorphism 

■q = j]T : T -> ct( J^-F) 

works as follows: For any object i of /, % : T% — > f f .F is the embedding homomor- 
phism defined by 



(24) 



(bixou, U) 

y^J~^x V\ (y,i) J|(l t . 3,0^,1;) (ar,i), 



(iiXOu', U) 



where, for the horizontal composition of 1-cells z A i/ A i in Jj, the invertible 
structure 2-cell r]i(u) o r/i(v) =r]i(uo v) is provided by pasting in Ti the diagram 



(25) 



lj(tou) 



ljy— ^-l?a;— U»l?l?a: 



10 V 



5 



X ■ 



X 
i*x, 



and, for any object x in Ti, the structure isomorphism l wx = r}i{l x ) is the one 
given by the canonical isomorphisms i i X — L"£ X ol x . If a : j — > i is any morphism in 
/, then the component at an object x £ Ti of the attached pseudo transformation 



is the morphism 



6 : rjja* ^^:T l ^ JjT 
Ox = (l a * x ,a) : (a*x,j) -> (x,i), 
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and, for each morphism u : y — > x in Fi, the invertible 2-cell 

9 U : 9x o r]ja*u = rjiU o Oy 
is that obtained by pasting the diagram 



(26) 



l*a*x. 



La 



l*a*x 
7 



X 



ax ■ 



■ a"x ■ 



-»- a'x 



a u. 



a'y- 



■a'y- 



a*(i o u) 



-+a*l*x. 



For k — > j A i, two composable morphisms of /, and any object i, the invertible 
modifications 

r] k b*a* JM^ r) k (ab)* 



ha* 



n 



ma 



6, 



are respectively provided, at each object x of Fi, by pasting the diagrams 
(27) 

b*l a , x 
b*a*x 5~ b*a*x »- (ab)*x 



b*a*x- 



7 



X 



(ab)*x ^ l* k (ab)*x l t l (abyx) 

X t(ab)* 




If F : F —¥ £ is any lax 7-homomorphism, then the attached pseudo /-equivalence 

rj=rj F ■ ct(fjF) r)T^r)Q F, 

is, at any object i of /, the identity on objects pseudo equivalence 

% : JjF T], % Fi : F t j'fi, 

that is, with %x = l(Fix,i), and whose component at a morphism u : y — > x of the 
bicategory ^ is canonically obtained from pasting 



(28) 



Fi(t o u) 



F l \*x 



FiU lF 1 
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and, for a : j — > i, the corresponding invcrtible modification 



r]j a 

JjFrija* =^r)jF ja * 



IiFVi 



Vj a* Fi 



is, at any object x of Ti, that canonically obtained from pasting in Qj 

FjK „ , 6 



(29) 



Fjd*x 



6 



a*F,x 



Fja*x ■ 




a*F l x 



l*a*FiX. 



The tritransformation 77 takes any pseudo /-transformation m : F F' : T — > Q 
to the invcrtible /-modification 

ct^m) 77J 7 o r\F — t]f' i)Q m, 

whose component at an object x of Ti, for any i of /, is the canonical isomorphism 
lrjix ili( m i x ) — Vi{ m i x ) ° l^x °f the bicategory f 7 C?. 

If J" — » Q — > "H are any two composable lax 7-homomorphisms, then the estruc- 
turc invertible /-modification for the tritransformation 77 

ct( ! T G)rj 

<*(/,<?) ct(/ / F) „ > ctijfi) n F 



ct(S)?j 



ct(UGF)) V : 



7]F 



rj G F 



is, for any objects i of / and x of the canonical isomorphism in the bicategory 

l(G i P' 4 a;,i) fiG(l(F iX ,i)) — l(G t F,x,i) ° l(G 4 F i x,i) • 

And, finally, say that for any lax /-diagram of bicategories J 7 , the equality 

ct(Sjr) ryj" = 77!^ : ct( Jjl^) J?-? 7 => ^ 

holds, and the corresponding /-modification of 77 attached to T between them is 
the identity one. This makes complete the description of the tritransformation r\. 

Part II . Here we shall describe the counit tritransformation e : J f ct =>- leicat , 

which is easier to describe than the unit, since the composite J 7 ct can be identified 
with the trihomomorphism (— ) x / : Bicat — > Bicat, and then e with the projection 
on the first factor. More precisely, for any bicategory B, 

e = eB: JjCt(B) -> B 
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is the normal homomorphism 



(u,a) 

(y,j) J|(a,a) (as,i) A y^cTx, 

(«', a) U ' 

whose structure constraints for horizontal compositions of 1-cells are given by the 
left identity constraints of the bicategory 23. For any two bicategories 23 and C, the 
diagram 



Bicat(B,C) 



■Bic&tifjCtiB), fjCt(C)) 



Bicat(/ 7 ct(B),C) 
commutes, and the corresponding pseudo natural equivalence 

e" : e* L ct => e* 

is the identity. 

F G 

For any two homomorphism 23 — ?> C — > T>, the invertible modification 
e/ jC t(G) / f et(F) J/ > G e / / ct(F) 



rS 



e/ jC t(GF) 



G? 



GFe 



is, at any object x of 23, the canonical isomorphism Glp x o l Gfl = Igfx ° ^GFx 
in 2?, and, for any 23, we have e23E ct ( B ) = ei B , and the corresponding invertible 
modification for e at 23 is the identity. 



Part IIL We conclude here the proof by showing the triangulators T and S in (|23|) . 

The component of T at any lax /-diagram T : I° p — > Bicat, is the pseudo 
equivalence TT : eJ T T JjV-F =^ j: with TT{x,i) = l( X) i) for any object [x, i) 
of JjT, and whose component at a morphism (u, a) : (a;, i) — > (y,j) is canonically 
provided by the 2-cell in Ti pasted of 



ax ■ 



l*a*x 



la* 



l*(la-x) 



l?a*ss. 



For any lax /-homomorphism F : T ^ Q, the structure invertible modification 

*0 Jz^ £//g// ^ > ^ J,nQ Ii F 



e> J^T 



TQ jjF 
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is, at any object (x,i) of JjJ~, the canonical isomorphism lf z F(x,i) — Ii^0-(x,i)) ■ 
And when it comes to S, say that, for any bicategory B, the component of 
SB: l c t(e) ct(e£>) r/ct(Z5) at an object i of J is the pseudo equivalence which is 
the identity on objects of B, and whose component at a morphism u : y — > x is the 
canonical isomorphism l x o (1^ o u) = u o l y . For any homomorphism F : B — > C, 
the structure invertible modification 



ct(F) SB 

ct(F) > ct(F) ct(efi) r?ct(S) 



ct(F) 



ct(e B ) ?yct(S) 



ct(eC) 7?ct(C) ct(F) > ct(eC) ct(/ / ct(F)) ryct(S), 

ct(eC) ^ c t(F) 

at any i G Ob/ and x 6 ObB, is the canonical 2-cell If^ °/ 1 (la;) — Ifx Ifx in the 
bicategory C. □ 

4. Rectification 

Following Giraud [15] , Street [35] , Thomanson [37] , and May [30] , we shall show 
here how any lax /-diagram of bicategories T = (J 7 , x, w, 7, J) : / op — > Bicat has, 
naturally associated to it, a genuine /-diagram of bicategories, that is, a functor 

(30) T : / op Horn C Bicat 

that, as we will prove later, represents the same homotopy type as J- ' . This I- 
diagram of bicategories J- 1 is built as follows. For each object i of /, let i/I be the 
comma category whose objects are the arrows in / of the form b : i — > k and whose 
morphisms are the appropriate commutative triangles. By composing J- with the 
obvious forgetful functor i/I ^ I, we obtain the lax (i//)-diagram 

Fizt : (i/I) op -> Bicat, 
and then, by the Grothendieck construction, a new bicategory 

whose set of objects is |J ObFk and hom-categories 

i— ¥k 

f i ({y,i^l),{x,i\k)) = □ Fi(y,d*x). 

I —7- k 
dc — b 



An arrow a : j — > i in / induces a functor a* : i/I —¥ j/I with itja* — Hi and 
actor a* : T { — > J-^ , 

(u, d) (u, d) 



hence a strict 2-functor a* : J 7 , — » J\- 



(l/,i4l) ^(a,d) (x.iAt) f> (y,j™l) M«.<0 



(u', d) («', d) 



6 



For i any object of /, we have 1* = ljr r , and for k — ¥ j — > i, any two composible 
arrows of /, the equality b*a* — (ab)* : T\ — > T\ holds. Therefore, we have defined 



26 P. CARRASCO, A.M. CEGARRA, AND A. R. GARZON 

a genuine /-diagram of bicategories and strict functors T : I op — > Horn c Bicat, 
which we refer to as the rectification of J- '. 

Proposition 4.1. The assignment J 7 >— > J 7 is the function on objects of a trien- 
domorphism ( ) : Bicat 7 — > Bicat 7 , which we call rectification. 

Proof. If F : J- — > Q is any given lax /-homomorphism between lax /-diagrams 
F, Q : 7 op — > Bicat, then, for each object i of /, the composite Fnt : Ti^i — > Q-Ki is 
a lax («//)-homomorphism inducing a homomorphism 

The assignment i F i completely determines an J-homomorphism F : T — >■ Q , 
that is, a lax /-homomorphism such that, for any arrow a : j — > i in I, the equality 
FjCL* — a*F i holds, the pseudo-transformations 9 for F are identities, and the 
invertible modifications II and T are given by the unit constraints. Call F the 
rectification of F. 

Similarly, for m : F G : J- — > Q a pseudo /-transformation, we define its 
rectification m' : F G : T — > Q to be the /-transformation given by writing 

for each object i of /. For any arrow a : j — > i in /, the equality a*m\ — m'^a* 
holds, so that m' is a genuine /-transformation in the sense that the corresponding 
invertible modification M is that given by the unit constraints. And finally, for 
er : m ^ n an /-modification, we take a r : rrv ^ rv to be the /-modification 
defined at any object i of / by 

The rectification constructions above actually lead to a triendomorphism of 
the tricategory of lax /-diagrams, simply thanks to the Grothcndieck construc- 
tion J : Bicat 7 P — > Bicat being a trihomomorphism. Thus, the structure iso- 
morphisms of the rectification homomorphism 

( )': Bicat 70 "^, Q) -> Bicat 7 ° P (J" r , Q' ') 

are as follows: for any pseudo /-transformations F => G => H : T — » Q, the 
structure invertible /-modification n' o m* ^ (n o m) r at an object i of / is 

n\oml= f.^mTiof.^min W fyjnomfa = («°"0i> 
while the invertible /-modification l F r ^> 1 F at an object i is 

Furthermore, for any pair of lax /-homomorphisms J- — > Q — > "H, the components, 
at an object i g Ob/, of the pseudo-natural /-equivalences S G F : G F => (GF) 
and Sjr : 1^ =>■ 1^' are, respectively, 
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G^;= h/iGnh/i F ^ ^ Ji/iGFm =(GF)l, 

that is, (E G = E&^ftj and (Ejr)» = £.yv 4 . For any morphism a : j — > i, the 
equalities S -a* = a*£j hold, and the components M a , both for E G F and Ejr, are 
the canonical modifications given by the identity constraints. 

F G H 

Given lax i-homomorphisms J- — > Q — > H — > IC, the structure invertible I- 
modifications u) , 8 and 7 for ( ) , as in the definition of a trihomomorphism, 



(HG) T F T 
£' 1^7 



F 1 



J F,U 



H G F 
IE 



CO 



((HG)F) is 




Fl T l g F 



F 




H (GF) =g> (H(GF)) 

are, respectively, given by the families of modifications 
7 F?r ., i e ObL 



> ■ Fwi . ^ f-k ■ and 

□ 



Every lax diagram of bicategories is related to its rectification by a canonical lax 
homomorphism, which we describe as follows: 

Lemma 4.2. Given T = (J-,x,l,uj,j,S) : I op — > Bicat, any lax I -diagram of 
bicategories, there is a lax I -homomorphism 

J= (j,0,n,r) : T ^ F , 

whose component at an object i of I is the homomorphism Ji : J 7 ,; — > T { acting by 

(l.xou, U) 

(31) 



y JJ.</» x h4 (y,li) JKl^o^l,) 



-For the horizontal composition of 1- cells z A y A x in Ti, the structure invertible 
2-cell Ji(u) o Ji(y) = Ji(u o v) is provided by pasting the diagram (|g5[) in T% and, 
for any object x in Ti, the structure isomorphism lj iX = Ji(l x ) is that given by the 
canonical isomorphisms l %X — i%x O l_ x . 

If F = (F, 9, II, r) : J- — > Q is any lax I -homomorphism, then there is a pseudo 
I-equivalence 



(32) 





F 




T- 




j\ 


rn 

=> 






F' 









28 



P. CARRASCO, A.M. CEGARRA, AND A. R. GARZON 



Proof. Given a morphism a : j — )■ i in the category /, the component of the pseudo- 
transformation 

(33) 9 : Jja* => a* J, 

at an object x G OhTi is the morphism, in T } ■, 0a; = (l a *x,a) : (a*x,lj) (x,a). 
Moreover, for each morphism u : y — > x in Ti, the invertible 2-cell 

6 U ■ Ox o Jja*u = a*JiU o #y 

is that obtained by pasting the diagram (|2l))) . 

For k \ j i, two composable morphisms of J, and any object i, the invertible 
modifications 



T kb * a *J^J k (aby 



9a* 



b*J ia * 



n 



>b*a*J l 



-it 



(a&)*Ji 




are respectively provided, at each object x of Fi, by pasting the diagrams (|2"T)) . 

Given F : T — > 5, a lax /-homomorphism, for each object i of /, the pseudo- 
natural equivalence (|32l) at i, nn : F i Ji =>■ JjF, : J 7 , — » is the identity on 
objects, that is, mjO; = 1(f 4 x,i<)) while its component at a 1-cell u : y — > x of the 
bicategory T is canonically obtained from pasting (l28l) . 

Finally, for a : j — \ i a morphism of /, the corresponding invertible modification 



F.J,a* 



M 



a*F, J, : 



a m,i 



=>a*JiFi 



is that obtained from ([29 



□ 



We should comment that the data in the previous lemma describes the compo- 
nents at objects and morphisms for a tritransformation J : lBi ca t /op ^ ( ) > whose 
full description is left to the reader. Furthermore, although for any given lax dia- 
gram F, the lax 7-homomorphism J : T — > F does not have any right biadjoint 
(in the tricategory Bicat 7 ), we have the following: 

Lemma 4.3. Let T = (F, Xi h w ; li ^) : — ► Bicat be a lax I-diagram of bicate- 
gories. For any object i of the category I , the homomorphism in \31\ . Ji : Ti — > T i , 
has a right biadjoint. 

Proof. The right biadjoint to Ji is the homomorphism Pi : T { — > Ti such that 
(u,d) x°b*u 
(y,iAk) MM) (i,t4i) ^ b*y ^n x ob*a^g* x . 
"^TdT' X ° b*u' 
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If (z, i A I) — 'i (y, i A k) — 5 (a;, i A j) are any two composible 1-cells of J 7 ^, then 
the structure invertible 2-cell Ri(u, d) o e) = Ri((u, a) o (v, 6)) is provided by 
pasting the diagram in 



c*( X o (e*uov)) 
c*z >- c*(de)*x 



cv 




ax 



^b*d*x 



and, for each object (x, i A j), the identity structure constraint Ir^x^) — RiO-(x,a)) 
is da ■ X ° a* 4 =>• la*- 

The unit of the biadjunction is the pseudo-transformation r\ : ljr. =>• RiJ%, with 
r/x = LiX : x — > l*x, for each object x of J^, and whose component at a 1-cell 
u : y — > x is the invertible 2-cell obtained by pasting 



y- 



->■ X ■ 



l*x 



I 



4 

l*x ^5 



1*{lou) 



!„' 1, x, 



F > 



and the counit of the biadjunction is the pseudo-transformation e : JiRi 

with e(x, i A j) = (l a » x ,a) : (a*x,li) — > {x,a), and whose component at a 

morphism (u, c) : (y, i — >■ k) — > (a:, i A in J 7 ^ is the invertible deformation 
provided from pasting in the bicategory T% 



b*y >- b*c*x 



l*a*x 



6% 



&*c*x- 



ax 



l?a*s. 



The invertible modification triangulators 1^ ^ i?^e o ryit^ and eJi o ^ lj. 
are, at objects (a;, i A j) of and x of J 7 ,, respectively obtained from pasting the 
diagrams below in Ti. 



ax ■ 

la* 

a*~x ■ 



ta 



l*a*x 



A X 



li(la-x) 




l*a*x 



l.*ar- 



l*x- 



l*l*x 



= 7 /x 



l?(ll?x) 

1*1*1 



□ 
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For any lax diagram of bicategories T : I op — > Bicat, the lax i-homomorphism 
J : T T x induces a corresponding homomorphism on the Grothendieck construc- 
tions JjJ ■ JjJ-^ JjJ-" . Up to a pseudo-natural equivalence, this homomorphism 
JjJ can easier be described in terms of the following normal homomorphism 



(34) 



(u,a) 



((u,a),a) 



(y,j) ty(a,a) (x,i) A {(y,lj),j) J|((a,a),a) ((x,U),i)), 



(u',a) 



((u',a),a) 



whose structure constraints for horizontal compositions of 1-cells are given by the 
left identity constraints of the bicategories T i . 

Lemma 4.4. There is a pseudo-natural equivalence JjJ =>- j : J 7 T — > JjJ~. 

Proof. The claimed pseudo-natural equivalence is the identity transformation on 
objects and, at each 1-cell (u,a) : (y,j) — > (x,i) of the bicategory J T J, its compo- 
nent is the composite 2-cell 

I ((a, a), a) r -i 

M(x,u),i) °fi J ( u > a ) - fi J ( u , a ) ^=^^j(u,a) = j{u,a) o 

where the invertible 2-cell a is that obtained by pasting the diagram in LFj 



La 




lja*x 



ax 



□ 



Proposition 4.5. For any lax diagram of bicategories T : I op — > Bicat, i/ie 
homomorphism j : J 7 J 7 — > f^-J 7 /las a left biadjoint. 

Proof. The left biadjoint to j is the normal homomorphism p : f J 7 * — > J J 7 de- 
fined by 

((u,6),a) ( U) 6) 

((V,j4l),j) 4 ((«,&), a) ((i,i4*),i) & (y,l)^|(a^(i,t), 
~T( U ',6), a "P (u',6) 

whose structure constraints for horizontal compositions of 1-cells are given by the 
left identity constraints of the bicategories T\ . 

The unit of the biadj unction is the pseudo-transformation 77 : 1 jp, with 

r]((x, i A k), i) = ((ikx, lk), c) : ((x, i A k), i) ->■ ((or, k A fc), fc), 



REALIZATIONS OF BRAIDED MONOIDAL CATEGORIES 



31 



for each object ((x, i A k), i) of JjJ- , and whose component 

rj : ((t k x, l fc ), c) o ((u, b),a) = ((u, b),b)o (i iy , U),d), 

d c 

at a 1-cell ((u,b),a) : ((y,j — > l),j) — > {{x,i —> k),i), is provided by the 2-cell ob- 
tained by pasting in the bicategory Ti 

V ^b*x—^b*l%x 







1 tb' 









lfu X 

One easily sees the equalities pj = Ij^jf, f]j = lj, and pry = l p , showing that p H j 
is a biadjunction. □ 



5. CLASSIFYING SPACES 

For the general background on simplicial sets, we mainly refer to [TB]. The 
simplicial category is denoted by A, and its objects, that is, the ordered sets 
[n] = {0,1,..., n}, are usually considered as categories with only one morphism 
j —> i when < i < j < n. Then, a non-decreasing map [n] — > [to] is the same as 
a functor, so that we see A, the simplicial category of finite ordinal numbers, as a 
full subcategory of Cat, the category (actually the 2-category) of small categories. 
Recall that the category A is generated by the injections d % : [n — 1] — > [n] (cofaces), 
< i < n, which omit the ith element and the surjections s z : [n + 1] — > [n] (code- 
generacies), < i < n, which repeat the ith element, subject to the well-known 
cosimplicial identities: d J d % — d l d^ 1 if i < j, etc. 

Given a bicategory C, let 

(35) BC 

denote its classifying space. We shall briefly recall from [9] that BC can be defined 
through several, but always homotopy-equivalent, constructions. For instance, BC 
may be thought of as the realization of the normal pseudo-simplicial category, called 
the pseudo-simplicial nerve of the bicategory, 

(36) NC = (NC, x, 1) : A° P -> Cat , 
whose category of p-simplices is 

N P C = [_J C(x 1: xq) x C(x 2 ,xi) x ■ • • x C(x p ,Xp-i), 

(x ,...,x p )£ObC"+ 1 

where a typical arrow is a string of 2-cells in C 





and NCo = ObC, as a discrete category. The face and degeneracy functors are 
defined in the standard way by using the horizontal composition of adjacent cells 
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and the identity morphisms of the bicategory: 

if i = 0, 

di(ai, . . . , Op) = { (oei, . . . , a t o a i+ i, . . . , a p ) if < i < p, 



(37) 




if i = p, 



Si(a\, . . . , otp) = (ai, . . . ,ai, l Xi ,(Xi+i, . . . ,a p ). 

If a : [q] — > [p] is any non-identity map in A, then we write a in the (unique) 
form (see [28 , for example) a = d %1 ■ ■ ■ d %s s J1 ■ ■ ■ s 3t , where < i s < ■ ■ ■ < i\ < p, 
< j\ < ■ ■ ■ < jt < q and q + s = p + t, and the induced functor a* : N p C — > N g C is 
defined by a* — sj t ■ ■ ■ Sj 1 di 3 ■ ■ ■ d^. Note that djdi = didj + i for i < j, unless i = j 
and 1 < i < p — 2, in which case the associativity constraint of C gives a canonical 
natural isomorphism 

(38) didi = didi+i. 

Similarly, all the equalities c?o s o — 1) d p+ is p = 1, di-Sj — Sj-\di if i < j and 
di-Sj — Sjdi-i if i > j + 1, hold, and the unit constraints of C give canonical 
isomorphisms 

XX 

(39) diSi = 1, di+iSi = 1. 

Then it is a fact that this family of natural isomorphisms (|3"8"|) and (|3"9")l , uniquely 
determines a whole system of natural isomorphisms Xa.b ■ b*a* = (ab)* , one for each 

pair of composible maps in A, [n] \ [q] A [p], such that the assignments a M> a*, 
h4 1nc p i together with these isomorphisms 6*a* = (ab)*, give the data for the 
pseudo-simplicial category (|36l) . NC : A° P — > Cat. This fact can be easily proven by 
using Jardine's supercoherence theorem [231 Corollary 1.6] since the commutativity 
of the seventeen diagrams of supercoherence, (1.4.1)-(1.4.17) in [23], easily follows 
from the pentagon and triangle coherence diagrams in the bicategory C. 

When a category C is considered as a discrete bicategory, that is, where the 
deformations are all identities, then NC is the usual Grothendieck's nerve of the 
category. 

Since the horizontal composition involved is in general neither strictly associative 
nor unitary, NC is not a simplicial category (with a well understood simple geometric 
realization), which forces one to deal with defining the geometric realization of what 
is not simplicial but only 'simplicial up to (coherent) isomorphisms'. Indeed, this 
has been done by Segal, Street, and Thomason using methods of Grothendieck, so 
that the classifying space of the bicategory is 

B/ A NC, 

the ordinary classifying space of the category obtained as the Grothendieck con- 
struction on the pseudo-simplicial nerve of the bicategory NC. 

A second possibility is to recall that the unitary geometric nerve of a bicategory 
C [361 [H EU |9] is the simplicial set 

(40) A U C:A° P -> Set, [p] ^ NorLaxFunc([p], C), 

whose p-simplices are the normal lax functors £ : [p] — > C. If a : [q] — > [p] is any 
map in A, that is, a functor, the induced a* : AC P — > AC q carries £ : [p] — > C to 
the composite £a : [q] — > C, of £ with a. This nerve AC is a simplicial set which 
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is coskeletal in dimensions greater than 3, whose vertices are the objects £0 of C, 
the 1-simplices are the 1-cells £o,i : ^1 — ^ ?0 and, for p > 2, a p-simplex of A C is 
geometrically represented by a diagram in C with the shape of the 2-skeleton of an 
orientated standard p-simplex, whose faces are triangles 




with objects £i placed on the vertices, < i < p, 1-cells £jj : £j — » £i on the edges, 
< i < j < p, and 2-cells ^ Jjfe : £ hJ o £ jtk => £ hk , for < i < j < k < p. These 
data are required to satisfy the condition that, for < i < j < k < I < p, each 
tetrahedron is commutative in the sense that 





■ £* 6c s, 

The geometric nerve of a bicategory C is the simplicial set 

(41) AC:A° P -> Set, [p] i-> LaxFunc([p], C), 

that is, the simplicial set whose p-simplices are all lax functors £ : [p] — > C. Hence, 
the unitary geometric nerve A C becomes a simplicial subset of AC. The p-simplices 
of the geometric nerve AC are described similarly to those of the normalized one, 
but now they include 2-cells £, : 1^ =>■ < i < p, with the requirement that 
the diagrams below commute. 



6,J ° & 
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We shall list below a number of required results from [3]: 

Fact 5.1. [3 Theorem 6.1] For any bicategory C, there are natural homotopy equiv- 
alences 



(42) 



BC~ IACI 



I ACL 



Fact 5.2. 9, (30) and Theorem 7.1] (i) Any homomorphism between bicategories 
F : B — > C induces a continuous cellular map HF : B£> — > BC. Thus, the classifying 
space construction, C \— > BC, defines a functor from the category of bicategories and 
homomorphisms to CW- complexes. 

(ii) If F, F' : B —> C are two homomorphisms between bicategories, then any lax 
(or oplax) transformation, F F 1 , canonically defines a homotopy between the 
induced maps on classifying spaces, B_F ~ B_F' : BZ? — > BC 

(Hi) If a homomorphism of bicategories has a left or right biadjoint, the map induced 
on classifying spaces is a homotopy equivalence. In particular, any biequivalence of 
bicategories induces a homotopy equivalence on classifying spaces. 
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Fact 5.3. [9, Theorem 7.3] Suppose a category I is given. For every functor 
jr . jop _^ Horn C Bicat, there exists a natural weak homotopy equivalence of 
simplicial sets 

hocolim/AJ 7 — — ► A jjJ 7 , 

where hocolim/ AJ-" is the homotopy colimit construction by Bousfield and Kan [6j 
§XII] of the diagram of simplicial sets AJ- : 7 op — > Simpl.Set, obtained by com- 
posing J- with the geometric nerve functor A : Horn — > Simpl.Set, and JjJ 7 is the 
bicategory obtained by the Grothendieck construction on T . 

In [35], Segal extended Milnor's geometric realization process, S h->- \S\, to sim- 
plicial (compactly generated topological) spaces, which provides, for instance, the 
notion of classifying spaces for simplicial bicategories J- : A P — > Horn . By replac- 
ing each bicategory F p , p > 0, by its classifying space BT P , one obtains a simplicial 
space, [p] i y B.7-" p , whose Segal realization is, by definition, the classifying space of 
the simplicial bicategory. But note, as a consequence of Fact 15.11 and [3lJ Lemma 
p. 86], that there are homotopy equivalences 

(43) BJp| ~ \[p] i ^ |AJp|| ~ |diagA^|, 

where diagAJ 7 is the simplicial set diagonal of the bisimplicial set obtained by 
composing the geometric nerve functor A : Horn — > Simpl.Set with J 7 , that is, 

AT : ( [p] , [q] ) ^ LaxFunc ([q] , T p ) . 

The above construction, for simplicial bicategories, leads to the more general 
notion of classifying space for diagrams of bicategories: If J- : I op — > Horn is a 
functor, where / is any category, then one applies the so-called Borel construction, 
obtaining the simplicial bicategory 

Ei J- : A° P -> Horn, [p] h> \_\ Tpo, 

\p\Ai 

where the disjoint union is over all functors /3 : [p] — > I (i.e., the p-simplices of the 
nerve NJ = A/). The induced homomorphism by a map a : [q] — > [p], in A, applies 
the bicategory component at : [p] — > I into the component at the composite 
j3a : [q] —¥ /, just by the homomorphism of bicategories 

Po,ao '■ Fpo Tpao 

attached in diagram T : I op — > Horn at the morphism /?o,ao : /3a0 — > (30 of /. 
Then, the classifying space of the diagram of bicategories J- : I op — > Horn is the 
classifying space, in the above sense, of the simplicial bicategory EjT. But note 
that 

diagA-E/J 7 = hocolim/AJ 7 , 

that is, the simplicial set 

[?>] ^ U LaxFunC (H:^0), 

and therefore, by (|43|) . the classifying space of J- is homotopy equivalent to 

Ihocolini/AJ 7 !, 

the geometric realization of the homotopy colimit 6 of the simplicial set diagram 
AT : I P — >• Simpl.Set, obtained by composing T with the geometric nerve functor 
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A : Horn — > Simpl.Set. Since, for any simplicial bicategory T , we have a natural 
weak homotopy equivalence of simplicial sets [5J XII, 4.3] hocoliniAAJ 7 ^> diagAJ 7 , 
it follows that both constructions above for the classifying space of a simplicial 
bicategory J- : A — > Horn coincide up to a natural homotopy equivalence. 

Furthermore, the classifying space of any diagram T : I op — > Horn is homotopy 
equivalent to the one of the bicategory obtained by the Grothendieck construction 
on it, JjJ 7 , thanks to the existence of the natural homotopy equivalences 

(44) Ihocolim/AJ] ~ | A | ~ B JjF , 

by Facts 15.31 and 15.11 respectively. This suggests the following general definition for 
lax diagrams of bicategories: 

Definition 5.4. The classifying space of a lax I-diagram J- : I op — > Bicat, de- 
noted BF, is defined to be the classifying space of the bicategory obtained by the 
Grothendieck construction on F. 

So defined, the assignment F M> BF has the following basic properties: 

Proposition 5.5. (i) If F,Q : I op — > Bicat are lax I-diagrams, then each lax 
I -homomorphism F : F Q induces a continuous map BF : BJ 7 — > J3Q. 

(ii) Any pseudo I -transformation, F =>■ G : J- — > Q induces a homotopy Bi* 1 ~ BG. 

(iii) For any lax I-diagram T , there is a homotopy Bljr ~ 1b:f- For any pair of 

F G 

composible lax I -homomorphisms T — >• Q — >• T~i, there is a homotopy 

BGBF ~ B(GF). 

Proof, (i) As in (fT6|). the lax /-homomorphism F : T — > Q defines the homomor- 
phism of bicategories fjF : JjJ 7 ^ JjQ which, by Fact 15.21 (i), determines the 
claimed cellular map BF : BF — > BQ. 

(ii) As in (|17l) . any pseudo /-transformation m : F =>- G gives rise to a pseudo- 
transformation fj-rn : JjF JjG , which, by Fact 15.21 (ii). determines a homotopy 
BF ~ BG. 

(iii) The announced homotopies are respectively induced, from Fact 15.21 (i). (ii), by 
the pseudo-natural equivalences (I^TI) and (PZU|) . □ 

We have seen that for a diagram, that is, a functor, T : I op — > Horn, both 
Borel and Grothendieck constructions lead to the same space BJ 7 , up to a natural 
homotopy equivalence. Next, we show that the classifying space construction for 
lax diagrams of bicategories is consistent with the so-called rectification process, 
T H > T , developed in Section |4j Recall that this process associates to any lax 
diagram T : I° p — > Bicat a genuine diagram T : I op — > Horn C Bicat. 

Proposition 5.6. Given T : I op —> Bicat any lax I-diagram of bicategories, the 
lax I -homomorphism J : T —> T in Lemma H.'Il induces a homotopy equivalence 

BJ : BF BF . 
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If F : F — s> Q is any lax I -homomorphism between lax I-diagrams, then the 
induced diagram below is homotopy commutative. 



BF 



BF 



Proof. By Lemma [4.41 and Fact 15.21 (ii), the map BJ is homotopic to the induced 

map Bj : B T — > BF by the homomorphism (|34|) , j : L F — > L F , which, by 

Proposition 14.51 has a left biadjoint and therefore induces a homotopy equivalence 
on classifying spaces, by Fact 15.21 Cm). Hence, BJ is a homotopy equivalence. 

For the square in the proposition, note that, by Proposition l5.5l (iii) . there are ho- 
motopies BFBJ ~ B(F J) and BJBF ~ B(J F). Since the pseudo /-equivalence 
([52]) . m : F* J => JF, induces a homotopy B(F' J) ~ B(JF), by Proposition [531 
(ii), the result follows. □ 

The following main theorem extends to lax diagrams of bicategories a well-known 
result by Thomason [37J Corollary 3.3.1] for lax diagrams of categories: 

Theorem 5.7. If F : F — > Q is a lax I -homomorphism between lax I-diagrams 
F, Q : / op — > Bicat, such that the induced maps BFi : BFi — > BQi are homotopy 
equivalences, for all objects i of I , then the induced map BF : BF — > BQ is a 
homotopy equivalence. 



Proof. By Proposition 15.61 above, it suffices to prove that the induced map after 
rectification BF : BF — > BQ is a homotopy equivalence. Let us recall from Sec- 
tion 2] that both F and Q are genuine diagrams of bicategories, that is, functors 
/op Horn, and F : F — >• Q is merely a natural transformation. Then, by the 
natural homotopy equivalences p4| . it will be enough to prove that the natural 
transformation AF between the functors AF , AQ : I° p — > Simpl.Set, induces a 
weak homotopy equivalence on the corresponding homotopy cohmits 

hocolim/AF : hocolim/AJ 7 ^> hocolim/AC? . 

For, let us observe that, for each object i of the category /, the square 

BJ; 

BF, BF 4 



BF, 



BF, 



is homotopy commutative because of the pseudo-natural equivalence l|32p at i, 
mi : F^Ji =>■ JiFi : F t — ¥ Q\ (see Fact 15.21 (i), (ii)). Moreover, both maps BJ; in 
the square are homotopy equivalences, since all the homomorphisms Ji have a 
right biadjoint by Lemma [4.31 (see Fact I5.2[ iii)). Since, by hypothesis, the map 
BFi '■ BF L — > BC?i is also a homotopy equivalence, it follows that the remaining map 
in the square has the same property, that is, the map BF t : BF, k — > BQ i is a homo- 
topy equivalence. By taking into account Fact 15. ll the above means that, for every 
object i of /, the induced simplicial map on geometric nerves AF i : AF, L —> AQ i 
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is a weak homotopy equivalence, whence, by the Homotopy Lemma 6, XII, 4-2], 
the result follows, that is, the simplicial map hocolim/AF is a weak homotopy 
equivalence. □ 

For any lax diagram T : I op —> Bicat, the bicategory JjT assembles all bicate- 
gories Ti in the following sense: There is a projection 2-functor q : JjT — » I , 

(u,a) 

(y,j) J| (a, a) (x,i) Q j 
(u',a) 

and, for each object i of J, there is a commutative square 
(45) Ti [0] 



IS' 



where rji : T — > Jj T is the embedding homomorphism described in (|24p . 



Theorem 5.8. Suppose that T : I 



Bicat is a lax I-diagram of bicategories 



such that the induced map Ba* : BJ 7 ,; — > BJ-j, for each morphism a : j — > i in I , is 
a homotopy equivalence. Then, for every object i of I , the square induced by \45\ 

(46) BJ, ^ * 



BJ"- 



B7 



is homotopy cartesian. Therefore, for each object x £ Ti , there is an induced long 
exact sequence on homotopy groups relative to the base points x of~QTi, (x,i) of 
BJ 7 , and i of BJ, 

► 7T„ + iB7 -> 7r n BJ"i -> n n BT -> 7r n B7 

Proof. The square (|45|) is the composite of the squares 

Ji 



[0] 



(«) ''•f' (6) 
Y 



where, in (a), both horizontal homomorphisms Ji (|31[) and j (|34[) induce homotopy 
equivalences on classifying spaces, by Lemma 14.31 Proposition 14.51 and Fact 15.21 
(iii). Therefore, the induced square (|46|) is homotopy cartesian if and only if the one 
induced by (b) is as well. But, recall that the rectification T : I — > Horn C Bicat 
is a diagram, that is, a functor, and we have the natural homotopy equivalences 
(|4"4"|) . Therefore, it will be enough to prove that the induced pullback square of 
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spaces 



BT,- 



BI 



is homotopy cartesian, which is a consequence of Quillen's Lemma |31[ p. 90] (see 
also [161 §IV, Lemma 5.7]). To verify the hypothesis, simply note that, for each 
arrow a : j — > i in /, the square 

BJi 

BJ, * B J", 



Ba* 



BTi 



B,L 



Ba* 



B T, 



is homotopy commutative thanks to the pseudo-transformation (|33| and Fact 15.21 
(ii). Since the horizontal induced maps BJi and BJj are both homotopy equiva- 
lences by Lemma [4.31 and Fact 15.21 (iii). as well as the map Ba* : BJ^ — > BTj,by 
hypothesis, we conclude that the map Ba* : BJ^ —> BTj is also a homotopy equiv- 
alence. □ 



6. Classifying spaces of Braided Monoidal Categories 

Lax diagrams of bicategories form the foundation for the classifying spaces theory 
of (small) tricategories: any tricategory T = (T, ®, I, a, l 7 r, n, p, A, p), as in [T7], 
has associated a pseudo-simplicial bicategory, called its nerve, 

(47) NT = (NT, x, i, u, 7, 8) ■ A° P -> Bicat, 

and the classifying space of the tricategory is the classifying space of its bicategorical 
pseudo-simplicial nerve . Briefly, say that the bicategory of p-simplices of NT is 

N P T= [_J T{xi,x ) x T(x 2 ,xi) x • • • x T{x p ,Xp-i), 

{x ,...,x p )£ObTP+ 1 

whose face and degeneracy homomorphisms are induced, following the formulas 
([37|) . by the composition T(y,x) x T(z,y) %T(z,x) and unit I x : 1 -> T(x,x) 
homomorphisms, respectively. If a : [g] — > [p] is any map in A, then one writes 
a = d n ■ ■ ■ d ls s-? 1 • • ■ s Jt , where < i s < ■ ■ ■ < i± < p, < j\ < ■ ■ ■ < jt < q, and 
the induced homomorphism is a* — Sj t ■ ■ ■ Sj 1 di s ■ ■ ■ di 1 : NT P — > N7~ q - The pseudo 
equivalences x an d 1 arise from the associativity and unit constraints of T, while 
the invertible modifications u>, 7 and S come from the structure modifications tt, 
p, X and p. However, to prove that NT is actually a pseudo-simplicial diagram of 
bicategories is far from obvious and beyond the scope of this paper since a 'superco- 
herence theorem' is needed. Instead, it will be the subject of an upcoming separate 
publication specially dedicated to the study of classifying spaces of tricategories 
and monoidal bicategories. Hence, we shall only treat here an interesting particu- 
lar instance: the case of braided monoidal categories [24], which can be regarded as 
one-object, one-arrow tricategories (T71 Corollary 8.7]. 

We shall start by reviewing the notion of classifying space for a monoidal cate- 
gory. A monoidal (tensor) category (.M,<S>) = (Ai,<8,l,a,l,r), :27], can be viewed 
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as a bicategory 
(48) 

with only one object, say *, the objects u of M. as 1-cells u : * — > * and the mor- 
phisms of M as 2-cells. Thus, ft Xi(*,*) = Ai, and it is the horizontal composition 
of morphisms and deformations given by the tensor functor ® : Ai x Ai — > Ai . The 
identity at the object is 1» = I, the unit object of the monoidal category, and the 
associativity, left unit and right unit constraints for £1 Ai are precisely those of the 
monoidal category, that is, a, I and r, respectively. 

The pseudo-simplicial nerve (f36|) of the bicategory fi Ai, hereafter denoted 

(49) ~N(M, <g>) : A° P -y Cat, [p] i-» Af>, 

is exactly the pseudo-simplicial category that the monoidal category defines by the 
reduced bar construction [23[ Corollary 1.7], whose category of p-simplices is the 
p-fold power of the underlying category Ai , and whose face and degeneracy functors 
are induced by the tensor Ai x Ai — > Ai and unit I : 1 — > Ai functors, respectively, 
following the familiar formulas (1371) in analogy with those of the nerve of a monoid. 
N(.M,(8>) is called the pseudo-simplicial nerve of the monoidal category and its 
classifying space BN(A4,<8>) is the classifying space of the monoidal category (see 
[23| §3], [22l Appendix], [7] or [3], for example), hereafter denoted by 

(50) B{M,®). 

Hence, the classifying space of a monoidal category (Ai,®) is the same as the 
classifying space of f2 yVf, the one-object bicategory it defines. The observation, 
due to Benabou 2 , that monoidal categories are essentially the same as bicategories 
with just one object is known as the delooping principle, and the bicategory f2 M. 
is called the delooping of the category induced by its monoidal structure |26l 2.10]. 
This term arises from the existence of a natural map 

(51) B.M (IB{M,®), 

where BAi is the classifying space of the underlying category and f2B(.M, ®) the 
loop space based at the 0-cell of B(yV(,£S>), which is up to group completion a 
homotopy equivalence (see [23, Propositions 3.5 and 3.8] or Corollary 4], for 
example) . 

A monoidal functor F : — > (M.',®) amounts precisely to a homomor- 
phism il F : il Ai — >• O M! between the corresponding delooping bicategories 
and therefore, by Fact 15.21 (i), it induces a cellular map 

B(F, ®) : B(M, ®) B(M', ®). 

More precisely, B(F, ®) is the induced on classifying spaces by the pseudo-simplicial 
funtor N17 F, hereafter denoted by 

N(F, ®) : N(X, ®) N(7U', ®), [p] ^ F p : M p ^ M' p , 

whose structure natural isomorphisms s^i 7 ^ = F*Si and diF* = F*di are those 
canonically obtained from the invertible structure constraints of the monoidal func- 
tor, F : I = Fl and F : F(a.i) ® F(a^+i) = F(ai (g) Qj+i) (the commutativity of the 
needed six coherence diagrams in |23j is clear). 

Thus, the classifying space construction, (Ai,<8>) i~> B(M,(§), defines a functor 
from monoidal categories to CW-complexes. 
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We now consider the braided case. Recall from [TTl Corollary 8.7] that a braided 
monoidal category (M, ®,c) = (M, ®, I, a, I, r, c), [24| Definition 2.1], defines a 
one-object, one-arrow tricategory. More precisely, following [3] 2.5], [251 4.2] and 
the categorical delooping principle, let 

(52) n~ 2 M 

denote the tricategory with only one object, say *, only one arrow * = 1* : * — > *, 
the objects u of M as 2-cells u : * — >• * and the morphisms of as 3-cells. 
Thus, f2 At(*,*) = fi A4, the delooping bicategory associated to the underlying 
monoidal category ([15]). the composition is also (as the horizontal one in n m) 
given by the tensor functor <g> : M x — > M and the interchange 3-cell between 
the two different composites of 2-cells is given by the braiding c : u £g> v v ® u. 

— 2 

Call this tricategory M the double delooping of the underlying category M 
associated to the given braided monoidal structure on it, and call its corresponding 
bicategorical pseudo-simplicial nerve (|47[) the pseudo-simplicial nerve of the braided 
monoidal category, hereafter denoted by N(M, ®, c). Thus, it is given by 

(53) N(M, ®, c) : A° P -> Bicat, [p] ^ (Q _ )w) 3 ', 

and next we see that N(A / (, €3, c) is actually a pseudo-simplicial bicategory. 

Because of the braiding, the pseudo-simplicial nerve of the monoidal category, 
N(A4,®) : [p] H» is actually the underlying pseudo-simplicial category of the 
pseudo-simplicial monoidal category, 

[ P ] (>/ p ,®) = (7W,®) p . 

Indeed, this follows because the functors a* : (A4 q , €D) — > (Al 25 , <g>) and the structure 
natural isomorphisms \ '■ b*a* = (a&)* are monoidal (it suffices to observe the 
monoidal structure for the face and degeneracy functors ([57]) and also for the natural 
isomorphisms (|38|) and ([39]) . which can be respectively deduced from Propositions 
5.2 and 5.1 in [21] ). 

Then we have that N(A / (, <g>, c) is just the pseudo-simplicial bicategory obtained 
as the composite 

op (N(A4,®),®) n- 1 
A *" MonCat » Bicat . 

[ P ] i ^ (M p , ®) i — ^ n _I Mf 

Hence, N(A / (,®,c) is actually a pseudo-simplicial diagram of one-object bicat- 
egories (with the structure modifications lo, 7, and S all being identities) and, 
following the general Definition 15.41 we give the following: 

Definition 6.1. The classifying space of the braided monoidal category, denoted by 

(54) B(M,®,c), 

is defined to be the classifying space of its pseudo-simplicial nerve 



Remark 6.2. By replacing each delooping bicategory fl MP by its pseudo sim- 
plicial nerve ([36]). that is, by the nerve ([49]) of the monoidal category (M p , ®), the 
pseudo-simplicial nerve of the braided monoidal category ([53[) determines a pseudo 
bisimplicial category A° P x A° P — > Cat, ([p], [q]) \-> M pq , which (for (M,<&) strict) 
is taken in [3] to construct the double delooping space of BA4. 
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The basic properties of the classifying space construction for braided monoidal 
categories can be stated as follows: 

Proposition 6.3. (i) Any braided monoidal functor between braided monoidal cat- 
egories, F : (jM,0,c) — > (M.', ®,c), induces a continuous map between the corre- 
sponding classifying spaces, 

B(F,<g>,c) : B(M,®,c) -> B(M',®,c). 

Therefore, the classifying space construction, c) H ► B(.M,<8>,c), defines a 

functor from the category of braided monoidal categories to CW-complexes. 

(m) If two braided monoidal functors F, F' : (.A4,(S>,c) — > (.M',<8>, c) are related by 
a monoidal transformation F => -F" , </ien ifte induced maps on classifying spaces, 
B(F, ®, c) and B(F', (g>, c), are homotopic. 

(Hi) If F : (.A4,®,c) —s- (.M', ®, c) is a braided monoidal equivalence, then the 
induced map on classifying spaces B(F, ®, c) : B(.M,®,c) 4 B(.M / ,<8>,c) is a /io- 
motopy equivalence. 

(iv) If F : (.M,<S>,c) — > (.M', ®, c) is a braided monoidal functor such that the 
underlying functor induces a homotopy equivalence BF : BAi — > BAi' , then the 
induced map B(F, (g>,c) : B(Ad,<g>,c) -4 B(M.', ®,c) is a homotopy equivalence (as 
is also the induced map between the classifying spaces of the underlying monoidal 
categories, B(F,(g>) : B(M, ®) -4 B(.M', 

Proof, (i) If F : (At,<E>,c) — » (.M', (8>,c) is any braided monoidal functor, then 
the pseudo-simplicial functor N(F, <g>) : N(.M, ®) — ► N(A / t',®) underlies a pseudo- 
simplicial monoidal functor 

N(F, (g>) : (N(«M,®),®) -»• (N(M',0 ),<g>); 

that is, every functor F p : (Ai p , ®) — > <8>) is monoidal and, moreover, every 

natural isomorphism F p a* = a*F q , for any a : [q] — > [p] in A, is monoidal (it suffices 
to prove this for the natural isomorphisms SiF p = F p+1 s.i and diF p = F p ~ 1 d i , 
which it is straightforward). 

Hence, we have a pseudo-simplicial homomorphism of pseudo-simplicial bicate- 
gories f2 ^(F, (g>) (with the structure modifications II and T all being identities), 
hereafter denoted by 

N(F, <g>, c) : N(M, ®, c) -> N(M', (g>, c), 

which, by Proposition [53] (i), gives the claimed cellular map 

B(F, ®, c) : B(X, <g>, c) -> B(X', <g>, c). 

Following now the proof of part (Hi) in Proposition 15.51 we see that the classi- 
fying space construction defines a functor from the category of braided monoidal 

F G 

categories to the category of spaces: for (Ai, ®, c) — ► (.M', ®, c) — > (Ai , €3, c), any 
two composable braided monoidal functors, the equality 

/ A N(G, ®, c) f A N(F, ®, c) = / A N(GF, ®, c) 

holds (and the corresponding pseudo-natural equivalence (|20p is an identity), whence 
the equality B(G, (8), c)B(F, ®, c) = B(GF, ®, c) follows from Fact [O] (i). Analo- 
gously, the equality Bl^vt^c) = 1b(A4.®.c) holds since the pseudo-natural equiva- 
lence (JU) at any N(A4, ®, c) is an identity. 
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(ii) Any monoidal transformation, m : F => F', between monoidal functors 
F,F' : (Ai,®) — > (A^',(8)), gives rise to a pseudo-simplicial transformation 

N(m, 0) : N(F, ®) => N(F', <g>) : N(M, ®) -> N(M', <g>), 

where 

N p (m, <8>) = m p : F p => F' p : M p -> X' p 

(see [23l p. 125]). When both F and i 7 " are braided between braided monoidal cate- 
gories (M, <g>, c) and (X', ®, c), then every m p : F p F' p : (X p , <g>) -» (X' p , <g>) is 
monoidal and N(m, <g>) becomes a pseudo-simplicial monoidal transformation giving 
rise to a pseudo-transformation of pseudo-simplicial homomorphisms of bicategories 

n~N(m, <g>) : N(F, <g>, c) =>• N(F', ®, c) : N(M, <g), c) -> N(X', <g>, c), 

whence the result follows from part (ii) of Proposition 15.51 

(iii) It is a consequence of parts (i) and (ii) (and also of part (iv)) . 

(iv) Since, for any p > 0, the induced map BF P : BA4 P — > BM' P is a ho- 
motopy equivalence, Thomason's theorem [37J Corollary 3.3.1] means that the 
pseudo-simplicial functor N(F, (g>) : N(,M, ®) — > N(.M',<8>) induces a homotopy 
equivalence on classifying spaces, B(F, g>) : B(/V(, <g>) —> B(A4', ®). Then, each map 
B(F P , <23) : B(A / ( P , ®) B(A / f' p , ®) is also a homotopy equivalence whence, by The- 
orem [B"77l the pseudo-simplicial homomorphism of bicategories N(F, <g>, c) induces a 
homotopy equivalence B(F, ®, c) : B( yV(, ®, c) ^> B( /V(', ®, c), as claimed. □ 

Returning to the monoidal case, if (Ai, <8>) is any given monoidal category, then 
the delooping bicategory f2 Ai has a corresponding unitary geometric nerve (HOI) . 
Ail .M. But, hereafter, we shall follow the terminology of [111 §4] and |T0l Def- 
inition 4.1], where a 2-cocycle of a (small) category / in the monoidal category 
(Ai, <g>) is defined as a normal lax functor J — > f2 Ai. Therefore, such a 2-cocycle 
is a system of data 

t:I->(M,®) 

consisting of an object £ CT G for each arrow <r : j — > « in 7 and of a morphism 
6t,t : Co- ® Co-T for each pair of composible arrows in /, k j i, such that, 
for any three composable arrows in J, / -4 fc j i, the diagram in /V( 

£ ff ® (£r ® £v) " (6r ® St) ® £7 



1 <8>£r. 



£<t,t ® 1 



<^ct & ^" Scrr7 so"7" ® S7 

is commutative, £1 = /, £i ](T = I : I <g) £ a and = r : f<y (g> I 

These 2-cocycles of I in (Ai, <E>) form the set, denoted by 

Z 2 (I,(M,®)), 
and they are the objects of a category 
(55) Z^(I,(M,®)), 

where a morphism f : £ —> £' consists of a family of morphisms f a '-^a~^ m 
Ai, one for each arrow a : j — > i in /, such that /i = li and for any two arrows 
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k — > j — > i the following square commutes: 



£x ® Kr Ka 



far 



We should note that the category Z^JJ., (M., ®)) is a subbicategory of the bi- 

category Lax(I, {I !M), defined in (351 p. 569]. Namely, that subbicategory given 
by the normal lax functors and those lax transformations and modifications whose 
components at any objects are identities. 

The geometric nerve of the monoidal category (A4.,®), [7], is then the simplicial 
set (= KVt^M) 

(56) Z 2 {M,®) : A° P -> Set, [p] Z 2 ([p], (X, ®)). 

And this is the simplicial set of objects of the categorical geometric nerve of the 
monoidal category, that is, the simplicial category 

(57) Z* t (M, ®) : A° P -> Cat, [p] Z^lp], (M,®)). 

This geometric nerve Z 2 (Ai,®) is a 3-coskeletal reduced (1-vertex) simplicial 
set whose simplices have the following simplified interpretation: the 1-simplices are 
the objects £o,i of M and, for p > 2, the p-simplices are families of morphisms 



0<i<j<fc<p, making commutative the diagrams 

— 6j ® ® 6,0 



(6j ® Cf.fc) ®6,i 



■ti. 



for < i < j < fc < Z < p. 

There is a pseudo-simplicial functor [3 p. 325] 

(T:N(M,®)->Z 2 JM,®), 



(58) 

taking an object X 
(59) 



G N P (M,®) = MP to the 2-cocycle 
X c :[p]^(M,®), 



with X? i+1 = Xi + i and, inductively, A"fj +1 = X. 



, , ^ Xj + \. The morphisms 
X?j + i — > X? - +1 are all identities, and the remaining morphisms 
'^jfc+i ~^ -^ik+i are inductively determined by the associativity 
constraints of M. , through the commutative diagrams 



ye . yc 

-V/,/- I • 

ye . ye 



x, 



1 



X 



X 



.X 



i,fc+l • 
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Further, the functor ( ) c on a morphism F — (Fi, . . . , F p ) : X — > Y in MP is the 
2-cocycle morphism F c : X c — > Y c , inductively given by 



Fi+i if j = i, 



r i,j+l 



F? d ®F j+1 if j i. 

For any map a : [q] — > [p] in the simplicial category, the natural isomorphisms 
(a*X) e = a*(X°) are canonically induced by the associativity and unit constraints 
a, I, and r of the monoidal category. 

The main purpose in [7] (cf. Fact I5.1[) was to prove the following: 

Fact 6.4. For any monoidal category (M,®), both ( ) c : N(A4,<g>) -> Z^ t (M,®) 
and the inclusion Z 2 (M,®) — > Z (M,®) induce homotopy equivalences on classi- 
fying spaces. In particular, there is a homotopy equivalence 

B(.M,<8>) \Z 2 {M,®)\. 

Going further towards the braided case, we shall start with the following obser- 
vation: 

Lemma 6.5. Let (M,®, c) be a braided monoidal category. 

(i) For any small category I, the category of 2-cocycles Z (I,(M,®)), (I55[) . has 
a natural monoidal structure. The tensor product of 2-cocycles is given by 

putting (£' ® = £/ a ® £ CT; and (f ® C)<t,t is the composite dotted arrow in the 
diagram 

(£ ® £<r) ® [& ® > ® Car 

'Cr ®&r,r 

(c ® ® e)) ® (e ® e) ® & ® 




i 



where the arrows labeled with = are (iterated) isomorphisms of associativity. The 
tensor product of morphisms f and f is f® f , where (/' ® f) a — f' a ® f„. The 
unit object is the trivial 2-cocycle, denoted by Io, which is defined by the equalities 
(lo)cr = I and (Io)ct,t = l = r:l®l— ¥ I. The associativity and identity constraints 
of(M,®) yield associativity and identity constraints in Z (I, (M, ®))- 



(ii) The categorical geometric nerve of the underlying monoidal category ([5 
derlies the simplicial monoidal category 

{Z 2 JM,®),®) : A° P -> MonCat, [p] t-j. (Z 2 t ([p], (M, »)), ®). 

(•m) TTie pseudo- simplicial functor (|5<9[) . is actually a pseudo- simplicial monoidal 
functor 

( ) c : (N(M,®),®) -y (^(M,®),®). 

If Y = (Yi, . . . , Yp) and X = (-Xi, . . . , X p ) are m MP , then the structure isomor- 
phism $ : Y C ®X C ->• (y®I) e zs as follows: <$>i^+± — 1 : Yi_|_i®JQ_|_i — > ® 
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and, for < i < j < p, is inductively defined as the composite dotted arrow 



® 1 



(1 <g> c) <g> 1 

(i^®(-yfj®>S-+i))®^+i 

The structure isomorphism (I, . . . , I) c — > Io is given by the canonical isomorphism 
inM, (•••(••• <g> I) <g> I)® 1 = 1. 

(iv) There is an induced pseudo-simplicial homomorphism 

(60) if\ )° : N(M, ®, c) -> ^"^(.M, ®). 

Next, again following [111 §4], where a 3-cocycle of a category J in a braided 
monoidal category (M, ®, c) is denned to be a normal lax functor / — > f2 ^W, [T71 
Definition 3.1], we establish the following: 

Definition 6.6. Let (A4, ®, c) oe a braided monoidal category. For any given small 
category I, a 3-cocycle 

A : I -> (7W,®,c) 
is a system of data consisting of: 

- for each two composible arrows in I, k A j A i, an object A CTiT G A4, 

- /or each triplet of composible arrows in I, I ^> A j -°> i, a morphism in M. 

Ar, 7 ® Acr,r7 >" A^r ® Ao-r,7 , 

suc/i £/ia£, for any four composible arrows in I , m—^l-^k-^j-^i, the following 
diagram in M commutes 

a(l ® Acr iT ,75)a _:L 
(A 7i< 5 ® A Ti7 «5) ® A CTiT7 «5 — >■ (A 7> 5 8> Acr !7 -) ® A CTTi7 ,5 



A T , 7 ,<5 <8> 1 
(A Tj7 £5 A T7:< 5) (X> A CT . T7 5 
(1 ® A CT:T7i «5)a 



c® 1 

(A(j,r ® ^7,5) ® A ff , T7 5 

(1 (81 A<j Ti7 ,5)a 



a 1 (A<7,t,7 ® l) a 

A r ,7 ® (A CTjT7 <gi A(j T7 ^) *- A CT!T ® (A,j T ^ 7 ® A CTr7i 5) 

and 7 moreover, the following equalities hold: Xi a = I = \ a ,i, ^i,o,t = c i x > 
A<t,1,t = 1 an d K,t,1 = c Xa T<1 ■ 

The 3-cocycles of I in the braided monoidal category (M,<8>, c) form the set, 
denoted by 

Z 3 (I,(M,®,c)), 
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which is the set of objects of a bicatcgory 



ZlJI,(M,®,c)), 

whose 1-cclls £ : A — > X' consist of pairs of maps assigning 

- to each arrow a : j — > i in 7, an object £ CT € M, 

- to each pair of composible arrows in 7, k A j A i, a morphism in M 



t T 

<8 £r) ® A CT , T — ^ A^ T Cg) £ CTr , 

such that, for any three composible arrows in 7, I k j A i, the diagram below 
(where we have omitted the associativity constraints) is commutative 



£<r <g> £ T <8 £ 7 <8 A Ti7 ® A CT , T7 ■ 

1 A CT;T;7 
C<t <8 £r ® C 7 ® ®A CT;T <8 A ffT , 7 
1 (8) c<8 1 

£cr <8 £t <8 A CTiT <8 £ 7 <8 A CTT!7 
® 1 



1 (8) £r, 7 (8 1 



1 <8> £ CTT , 7 



■ £ CT <8 A^ 7 (8 £t 7 <8 A <T , r7 

C<8 1 

A^ 7 ® £<r <8 £ T7 <8 A <JiT7 

1 ® £<7,T 7 



A;, 7 ® A^ T7 ® ^r 7 



A -,t, 7 ® 1 



->" A ^,r ® A ^ 7 ® C<rr 7 , 



(8 £ ffT ® £ 7 (8 A 

moreover, £i fc = 7 and, for every arrow r : k — > Z, the squares below commute. 

(I <8 £ T ) <8 7 ^' r - 7 ® £ T (£ T (8 7) (8 7 



i (8 1 
£r ®7- 



r (8 1 
■^r (8 7 



A 2-cell / : £ =>■ for : A -> A' 1-cells, consists of a family of morphisms 
/<t : Ccr — > Cct m -M> one f° r eacn arrow <r : j — > i in 7, such that /i = li and for any 
two arrows k ^ j i the following square commutes: 



(£r <8 £r) <8 A CT; . 
(/a ® /r) <8 1 



l®/a 



(e®e)®A CT , T ^A^ T ®e T - 

The vertical composition of 2-cells in ^ (7, (.A4, ®, c)) is defined by pointwise 
composition in A4. 
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The horizontal composition of 1-cells £ : A -» A' and £' : A' -)■ A" is : A A", 
where (£'(§) £)ct = £^<8>£<r and (£'<8)£) CT ,r is the composite dotted arrow in the diagram 

m x g) x (e ® £ T )) ® A(j r \» t ® £ CTr) 



1 ® c® 1 <g> 1 

((e«(e;8a®w®A ff , 



(C®er)®((^»w®A ff , 



(A" ®^ T )(8.^ 



and the horizontal composition of 2-cells /' and / is /'®/ where = fa® fa, 

for each arrow cr in 7. 

The identity 1-cell of a 3-cocycle is 1 : A — >• A, where 1 CT = I for all c in 7, and 
each morphism 1 CT . T is determined by the commutativity of the square 

In 



(I ® I) ® A ff , 7 



I X A(j r 



A(T,7 



A CT , 



The associativity and identity constraints in (I, (.M,®,c)) are directly ob- 
tained from associativity and identity constraints of the braided monoidal category. 

The bicategory Z^ (I, (A4, ®, c)) is pointed by the trivial 3-cocycle, denoted by 
Io, which is defined by the equalities (Io)ct.t = I and (Io)ct.t.7 =1 I. 

We should note that, for any given category 7 and braided monoidal category 
(A"l,®,c), there is a tricategory Lax(7, M) whose objects are lax functors, 
whose 1-cells are lax transformations, whose 2-cells are lax modifications and whose 
3-cells are perturbations. Similarly as the category of 2-cocycles Z 2 (I, (A4, ®)) is a 

subbicategory of Lax(7, Q jVl), our bicategory Z? (I, (M,®, c)) introduced above 

is precisely the subtricategory of Lax(7, Q !m ) given by the normal lax functors and 
those lax transformations, lax modifications and perturbations whose components 
at any objects are identities. 

Both constructions Z 3 (I, (M, ®, c)) and Z^ t (7, (M, ®, c)) are functorial on 7, 
and they lead to the following definition of geometric nerves for braided monoidal 
categories: 

Definition 6.7. The geometric nerve of a braided monoidal category (A4,®,c) is 
the simplicial set 

(61) Z 3 (M,®,c) : A° P -> Set, [p] h> Z 3 ([p], (M, ®, c)). 
77ms is f/ie simplicial set of objects of the simplicial bicategory 

(62) 3L(^>®> C ) : A ° P ^HomcBicat, [p] ^ ^ cat ([p], (-M, ®, c)), 
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which is called the bicategorical geometric nerve of the braided monoidal category. 

Remark 6.8. The geometric nerve Z 3 (Ai, ®, c) is a 4-coskeletal 1-reduced (one 
vertex, one 1-simplex) simplicial set whose 2-simplices are the objects Ao,i,2 of M 
and, for p > 3, the p-simplices are families of morphisms 

K,j,k,l '■ ^j,k,l ® —> ^i,j,k ® ^i,k,h 

0<i<j<k<l<p, making commutative, for 0<i<j<k<l<m<p, the 
diagrams 

o(l ® Ai,j,fe, m )a~ 1 



(Afc,i, m ® ^j,k,m) ® Aj 
\j,k,l,m ® 1 
(Aj,fc,j ® Aj,I,ti») ® Aj,j,m 
(1 ® Xi,j,l, m )a 

Aj,fe,i ® (Ajj,; ® Ai,/, m ) 



a H-kj.M ® l)a 



(Afe,i, m ® Aij^) ® Ai,fe, m 
c® 1 

(Aj,j,fc ® Afc^m) ® Ai,j, m 

(1 ® \i,k,i,m)a 
Aij.fe ® (Ai,fc,/ ® Ai,i )Tn ). 



If * is any object of a bicategory C, then C(*, *) becomes a monoidal category 
and there is a bicategorical embedding f2 C(*, *) ^> C Since, for any braided 
monoidal category {M, ®, c) and category J, there is a quite an obvious monoidal 
isomorphism 

(Z 2 JI,(M,®)),®) = Z^ icM (I, (-M, ®, c))(I , Io), 
we have a natural ('suspension') homomorphism of bicategories 

S : ^(J, (X, ®)) (JW, ®, c)), 

that is defined as the composite 

n -1 ^/, (x, ®)) = n~XL( 7 > ®. c ))(!o, io) ^ 3L(/, (M ®, c)). 

Hence, we have a simplicial homomorphism of simplicial bicategories 
S : n'Z^M, ®) -> ^ cat (X, ®, c), 
whose composition with (I60p defines the pseudo-simplicial homomorphism 
(63) £ : N(M, ®, c) -> ^(M, ®, c), 

which, at each label p > 0, is so given by the commutative square 



E„ 



*0?]>(M®,c)) 



■ n 2 



,(M,®,c))(I ,I ). 



Next Theorem 16.91 below states that this pseudo-simplicial homomorphism ([6311 
induces a homotopy equivalence on classifying spaces so that the simplicial bicate- 
gory Z 3 (A4,®,c), the bicategorical geometric nerve, models the homotopy type 
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of the braided monoidal category and it can be thought of as a 'rectification' of the 
pseudo-simplicial nerve N(A / i, ®, c). 

Theorem 6.9. For any braided monoidal category (AA, ®, c), the pseudo-simplicial 
homomorphism E : N(.M,®,c) — > Z~. (M., <8>, c) induces a homotopy equivalence 
on classifying spaces. Thus, 

B(M,®,c) ~BZ? io JM,®,c). 

Proof. In view of Theorem 15. 7\ it is sufficient to prove that every homomorphism 
of bicategories E n : Q M n — > {[n], {M., ®, c)) induces a homotopy equivalence 
on classifying spaces. The result is clear for n = 0, since Eq is merely the ob- 
vious isomorphism between the two unit (i.e., with only one 2-cell) bicategories. 
For n = 1, since the trivial 3-cocycle ±o is the unique object of the bicategory 
([1], (M, <8>, c)), it is easy to see that E\ is actually an isomorphism of bicate- 
gories with an inverse isomorphism 



(64) 

defined by 



Pi :3L([l],(M,®,c)) -^QM, 

£ 6,1 
-Pi: I -U-/ Io ^ 

Cos 

Now, for n > 2, our discussion uses the so-called Segal projections (see |33[ 
Definition 1.2]) that, on our simplicial bicategory (.M,<g>,c), give the homo- 
niorphisnis 

P n : ^([n], (A*,®,c)) — > ffVr 
defined by the commutative triangles 



(65) Z*J[n},(M,®,c)) 



Pn 



That is, 



II ■ ' • dk-2dk+i ■ ■ ■ d n 
fc=i 



Pn : A ^"17" A' 



(£o,li • ■ • ' £n-l,rj 



fi M n . 




Z b tJ[l],(X,®, C ))" 

(£o,l> • • • ) £n-l,n) 



4-(/o,l, • ■ • , /n-l,n) *• 



For any n > 2, we have the equality P n E n — 1 and, moreover, there is a oplax 
transformation, 



* : 1 £„P„ : 2*([n], (A4, ®, c)) -> 2L t ([n], (A4, ®, c)), 
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whose component at a 3-cocycle A : [n] — > (A4,®,c) is the 3-cocycle morphism 
^A = ip : A — > Io, where the objects ijj^j of M, for i < j, are inductively determined 
by the equalities 



I if i = j, 

ipi,j ® if « < j, 



and the morphisms ipij^ '■ {ipij ® V'j.fc) ® ^i,i,fe ~~ ^ I ® "0i,fc: f° r i < 3 < k, are also 
inductively defined as follows: each morphism V'ij.j+i is the canonical isomorphism 
making commutative the triangle 



(ipij ® I) ® A; j j+i - 
r ® 1 



and each morphism V'ij.fc+i is obtained from the morphism ^i,j,fc as the composite 
dotted arrow 



(V'ij ® {ipj,k ® \j.k.k+i)) ® \j,k+i >■ I ® (ip%,k ® Ai,k,fe+i) 



(V'i.j ® V'j.Jfc) ® ® \i,j,k+l) 

1 ® A, ,j,fc,fc+i 
(ipij ® V'j.fc) ® (Aij.fc ® Ai,fe,fe+i) 



(I ® V'i.fc) ® Ai,fc,fc+i 
((V'ij ® ^i.fc) ® Aij, fe ) ® A ijfc . 



fc+i- 



The component of ^ at a 3-cocycle morphism £ : A — > A' is the 2-cell in the 
bicategory ^ cat (W, <g>, c)) 




where V = *A, -0' = *A', X = P„£ = (£o,ii • ■ • ,£n-i,n)i and ^ c are given as in 
(|59l) . defined by the morphisms : Xf, — > inductively obtained as 

follows: each morphism is the canonical isomorphism making commutative 

the triangle 



&,t+i ® I ■ 



■ I ® 
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and each morphism 'JVj+i is obtained from the morphism as the composite 
dotted arrow in the diagram below. 



J+l 



(1®c)®1 



1 ® &J J + l 

V'lj ® ® ® Ai,j,j+i) 



® 1) ® 1 



Hence, by Fact 15.21 (m), every induced map 

B£„ : B(A<,®) n ^B^([n],(.M,®,c)), 

is a homotopy equivalence (with BP n : BZ? ([n], (AA, ®, c)) — > B(.M,<g>)™ as a 
homotopy-inverse) and therefore the induced map BE : B(A4, 0, c) -+ BZ 3 (.M, <8>, c) 
is also a homotopy equivalence by Theorem 15.71 □ 



As we show below, Theorem 16.91 implies a new proof of a relevant fact: The 
classifying space of the underlying category of a braided monoidal category is, up 
to group completion, a double-loop space |34i 1131 l3l |4]. Recall that the loop space 
of the classifying space of a monoidal category flB(AA, (g)) is a group completion of 
BAA, the classifying space of the underlying category; that is, there is a homotopy 
natural map (fSTj) . BAA QB(AA, <g>), which is, up to group completion, a homotopy 
equivalence. 

Theorem 6.10. For any braided monoidal category (AA,®,c) there is a natural 
homotopy equivalence 

B{M,®) ~ QB(M,®,c). 
Therefore, the double-loop space Q 2 B(AA , £§>, c) is homotopy equivalent to the group 
completion of BAA . 



Proof. By Theorem l6.9l B(M, 0, c) is homotopy equivalent to (M, ®, c), the 

classifying space of the simplicial bicategory [n] h4 Z 3 ([n], (.M, €3, c)), which, by 
the homotopy equivalences (|44l) . is itself homotopy equivalent to the realization |X| 
of the simplicial space X : [n] BZ 3 ([n], (AA, ®, c)). 

Now, observe that: 1) the space Xq is a one-point set; 2) the Segal projection 

n 

maps p„ = fl do • • • dk-2dk+i ■ ■ ■ d n : X n — > (X\) n are all homotopy equivalences 

k=l 

(since every map BP n : BZ 3 ([n], (A4,(g),c)) — » B(.M } <g>) n is a homotopy equiv- 
alence, as we observed in the proof of Theorem 16.91 above, and the triangles ([63)1 
commute); 3) X\ = B(AA,®) (by the isomorphism ([641) ): and 4) tto(-X'i) = 0, the 
trivial group (since, by Fact 16. 4| the classifying space of the underlying monoidal 
category, B(AA,®), is homotopy equivalent to the geometric realization of the sim- 
plicial set with only one vertex Z 2 (AA, (g>)). 
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Thus, we see that the simplicial space X : [n] i-> ([n], (Ad, ®, c)) satisfies 

the hypothesis of Segal's Proposition 1.5 in [33J (see also the previous Note to the 
proposition). Therefore, the canonical map Xi — > Cl\X\ is a homotopy equivalence, 
whence the homotopy equivalence B(Ai, ®) — £IB(A4, ®, c) follows. □ 

Going finally towards our last main result in the paper, let us recall from Defini- 
tion [6J] that the geometric nerve of a braided monoidal category Z 3 (A4, ®, c) is the 
simplicial set of objects of the simplicial bicategory Z 3 (Ai, 55, c), so that we have 
an evident simplicial homomorphism of inclusion Z 3 (A4,<3,c) <->• Z 3 (.M,®, c), 
where Z 3 (Ai, <g>, c) is regarded as a simplicial discrete bicategory. 

Theorem 6.11. for any braided monoidal category (Ai, ®, c), £/iere is a homotopy 
equivalence 

B(M,®,c) ~ |Z 3 (X,(g>,c)|. 

Proof. By taking into account Theorem [631 it is sufficient to prove that the inclu- 
sion simplicial homomorphism Z 3 (.M, <g), c) ^ Z 3 (.M, 0, c) induces a homotopy 
equivalence on classifying spaces. To do so, let 

A" Z 3 (M,®,c): A° P x A° P -> Set 

bicat v ' ' ' 

([p],[q]) ^ A U p Z 3 J[ql(M,®,c)) 

be the bisimplicial set obtained from the simplicial bicategory 

Z b 3 cat (X, <g>, c) : A° P -> Horn C Bicat 

by composing with the unitary geometric nerve functor (|40[) . 

Since a (p, q)-simplex of A* Z^ (Ai , <8>, c) is then a normal lax functor 

C:[p]^Z 3 cat ([q],(^,®,c)), 

that consists of 3-cocycles £" : [q] — > (.M, ®, c), < u < p, 1-cells 

< u < v < p and 2-cells 

pu,v,w . ^ ^v,w _^ 

0<w<w<w<p, in the bicategory Z 3 ([q], (.M, £g>, c)), satisfying the various 
conditions, we see that £ can be described as a list of data 

f fifi \ t = (tu pu pu,v pu,v pu,v,w\ 

0<i<J<fc<!<q 

where 

are the morphisms in .M that describe the 3-cocycles 
are the morphisms in Ai describing the 1-cells and 

' ^>i~j ^i>3 

are those morphisms in Ai that describe the 2-cells £ u > v < w . 

Below, we shall interpret the p-(resp. q-)direction as the horizontal (resp. verti- 
cal) one, so that the horizontal face and degeneracy operators in A Z 3 (Ai, <g>, c) 
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arc those of the simplicial sets &Z£ to J\<j\, (M, ®, c)), that is, — • ■ • ), 

etc., whereas the vertical ones are induced by those of Z^ icat (A4, <g>, c), that is, 

dm£ = (Q™i : d™j,d m k> ■ • •)> etc - 

Since Z 3 (A4, <g>, c) is a simplicial discrete bicategory (i.e., all 1-cells and 2-cells 
are identities), A Z 3 (A4, <g>, c) is a bisimplicial set that is constant in the horizontal 
direction. The induced bisimplicial inclusion A Z 3 (A4, <£>, c) A ^ t (-M, <E>, c) is 
then, at each horizontal level p > 0, the composite simplicial map 
(67) 

Z 3 (M,®,c) = £ Q Z h lJM,®,c) 4 A^i^®^)---^ A > b L(^'®' c )- 

Taking into account now (|42p and that the classifying space of any diagram of 
bicategories J- is homotopy equivalent to |hocolim/AJ-"|, to prove that 

\Z 3 (M,®,c)\^BZ b lJM,®,c) 

is a homotopy equivalence, we shall prove that the induced simplicial map on di- 
agonals Z 3 (M,<3,c) — > diagA Z 3 ^ t (M, ®, c) is a weak equivalence. To do so, as 
every pointwise weak homotopy equivalence bisimplicial map is a diagonal weak 
homotopy equivalence |16[ IV, Proposition 1.7], it suffices to prove that every one 
of these simplicial maps (|67p is a weak homotopy equivalence. In fact, we will prove 
more: Every simplicial map 

4-i ■ ^p-iZ&JM, ®, c) A^CM, ®, c) 

embeds the simplicial set A p _ 1 Z 3 ^ t (A4, g), c) mfo A p 2 b 3 _ at (.A4, 55, c) as a simplicial 
deformation retract. 

To do so, since d(}Sp_i = 1, it is enough to exhibit a simplicial homotopy 

H:l=> s h p _ x d h p : A;^(M, ®, c) -> A^JM, ®, c), 
which, for each p > 1, is given by the maps /i m , < to < q, as in the diagram 



£ P z LI\n + !]. ®, c )) ; ; A P^ b Lt(M' (m ®. c )) 




which take a (p, g)-simplex ([66)) of A (.M, (g>, c) to the (p, g + l)-simplex 

e= ((/i 

0<i<j<fc<Z<gH 

defined as follows: 

• The objects (h m ^)fj k are given by the formula 
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' C-i, s -j, s -fe if u<poim<j, 

if u = p and k < m, 
k CfJ 1 ^ ® C ? j,fc-i if « = P and j < to < fc . 

• The morphisms 

: (h m Olk,l ® (/lmO"j,i (^O&.fc ® 

are 

C«>i, a ™j, a «>M m J if " ' /'"• '" ' 
Cf^fe,; if u = p and / < m, 

while, for u = p and j < to < fc, the corresponding (/i m £) P j fc z i s defined as the 
composite dotted morphism 



tp-i,p ^ rtp 



c<S> 1 
e p-i,p CP 



(^f,7,fe-l ® ^f,fe-iJ-i) 



»i,j,fc-l,J-l 



■^7 1,p ®(^ fc -i, I -i®C-,»-i) 



and for k < to < 2 as the composite dotted morphism 



(C*®^ 1,p )®^- 



c<g> 1 



Cl' p ® 1 



P-!.P tP-l.P\ 



The objects (h m £,)"J are defined by 

1 r j 



u,v 

m l,S m j 

u,p— 1 



if v < p or m < j, 
if v = p and j < to . 



The morphisms 
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arc 



^S" l l,S" l J,S' 



<.u,p 
Si.-i.i 



lfe if v < p or m < j, 
if v — p and k <m 1 



and if u = p and j < m < k, then the morphism {h m Qi'?k * s ^ ne composite 



ll.p 



*>3 



^>i, j,k—l 



(1 ®c) (g) 1 



,j,k-V 



The morphisms 



u,w 

j 



are given by 



[ £ s m- , mj if w < p or m < j, 



£"j"' p i if = p and j < m. 



So defined, a straightforward (though quite tedious) verification shows that 
i? : 1 Sp^j^cip is actually a simplicial homotopy, and this completes the proof. □ 



7. Appendix: Coherence conditions 

(CC1): for m A £ A k A j A i, any four composible arrows of I, the following 
equation on modifications holds 



X b*a* d*c*b*a* d*c*x 

(cd)*b*a*^ II : ^d*c*(aby 

d*xa* , 
uia 1 



X a* d*(bc)*a* d* X 
(bcd)*a*^ % ^d*(abc)* 
( a fe c d)* 



X 6*a* d*c*b*a* d*c* X 
(ccf)*&*a* ^ d*c*(a&)* 



(bed)* a* 



{cdYx (cd)*(ab)* x{ab) 



d* X 
d*(abc)* 



X (abed)* * 
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(CC2): for any two composible arrows k — )■ j A i of /, 



b*a* 




b*a* 




b*a* 




b*a* 




X\s ~ //X 
(fib)* 




(CC3): for any three composible arrows t A k A j A iof I, 



6b*a* 



Tla* 



m 



F e c*b*a* 






\Ftc* X 


I 


F t (bc)*a* 


F e c*(ab)* 






l 


\T 


{bcfFjOL* 


Fe(abc)* 



n 



{bc)*9 



c*b*a*F ==» (&c)*a*F, ==> {abc)*F t 
X 'a*Fi X Fi 



F e c*b*a* 




F t c* X 



c"F K x 




c*b*F ja * 



c*F k {ab)* <=%c*(aby 
c*{ab)*Fi F e (abc)* 




(CC4): for a : j —> i any arrow in /, 



Fjl*a* =g^> l*F ja * =^> 1*0*^ 




n 



F 3 l*a 



> Fja* a*Fi 
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F ja *l* 



>a*F t r i =£a*r i F l 




6»1* a * 
Fjcfll =^> a* Fill — 



^>a*l*F l 



x'Fi 



a* Ft 



(CC5): for any two composible arrows of /, k — >• j A- i, 




(9a* 



F fc 6*a* 
Ma* 



n6*a* 



F fc 6*a* 



F^*a* 



6' 





b*a*Fi 

x'Fi 
(ab)*Fi 



"" " b*F'a* 



b*M 



hi. 



b*a*F' 



IT 



b*a*F l g 



F^b*a* 



F k (ab)* 



(7) 



m(ab)* 



F lx 



F^(a6)* (a6)*F^ M F / (a6) * 



(a&)*n^ (aft)*fv ^ 

(CC6): for any object i of 7, 

F TO > F! 

Fn/ J7J /:•' 



{abfm (ab)*F; 



Fi^^F! 




pi* 



ml* 




> F'l 




M 




1 * F 



t'F- 



i> 1 * F! 




/■' I - 




(7) 



I'm I'm 
(CC7): for any arrow a : j — ¥ i of the category /, the square below commutes. 

a*rrii o 6 a = > Q' a ° m j a * 



aV, o 1 



ML a, 



1 o ay a* 



a*m- o # a = > ^ o m^-a* 
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